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Foreword

In Appreciation of Shimon Even

Shimon was a great computer scientist who inspired generations of Israeli
stutents and young researchers, including many future leaders of theoretical
computer science.

He was a master at creating combinatorial algorithms, constructions, and
proofs. He always sought the simplest and most lucid solutions. Because he
never allowed himself to use a known theorem unless he understood its proof, his
discoveries were often based on original methods. His lectures were legendary
for their clarity.

Shimon was devoted to his family, generous to his colleagues, and freely
available to the students in his classes.

He expressed his views forcefully and with complete honesty. He expected
honesty in return, and reserved his disapproval for those who tried to obfuscate
or mislead.

Shimon had an unending supply of interesting anecdotes, and would laugh
uproariously at good jokes, including his own.

In sum, he was a great and unforgettable man and a great scientist, and his
name has a permanent place in the annals of theoretical computer science.

Richard M. Karp
Berkeley, April 2011
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Preface to the Second Edition

My father, Shimon Even, died on May 1, 2004. In the year prior to his illness,
he began revising this book. He used to tell me with great satisfaction whenever
he completed the revision of a chapter. To his surprise, he often discovered
that, after twenty-five years, he preferred to present the material differently (the
first edition was published in 1979). Unfortunately, he only managed to revise
Chapters 1, 2, 3, and 5. These revised chapters appear in this edition. However,
since the material in Chapters 9 and 10 on NP-completeness is well covered in
a few other books, we decided to omit these chapters from the second edition.
Therefore, the second edition contains only the first eight chapters.

AsIwas reading the manuscript for the second edition, my father’s deep voice
resonated clearly in my mind. Not only his voice, but also his passion for teach-
ing, for elegant explanations, and, most importantly, for distilling the essence.
As an exceptional teacher, he used his voice and his physique to reinforce his
arguments. His smile revealed how happy he was to have the opportunity to
tell newcomers about this wonderful topic. One cannot overvalue the power of
such enthusiasm. Luckily, this enthusiasm is conveyed in this book.

Many people tell me (with a smile) about being introduced to the topic of
algorithms through this book. I believe the source of their smiles is its outstand-
ing balance between clarity and preciseness. When one writes mathematical
text, it is very easy to get carried away with the desire to be precise. The written
letter is long lasting, and being aware that one’s text leaves certain gaps requires
boldness. For my father this task was trivial. The audience he had in mind con-
sisted simply of himself. He wrote as he would have wanted the material to be
presented to him. This meant that he elaborated where he needed to, and he did
not hesitate to skim over details he felt comfortable with. As a child, I recall
seeing him prepare for class by reading a chapter from his book. I asked him:

ix



X Preface to the Second Edition

“Why are you reading your own book? Presumably, you know what is there.”
“True,” he replied, “but I don’t remember!”

This second edition would have never been completed without Oded
Goldreich. Oded Goldreich began by convincing me to prepare the second edi-
tion. Then he put me in touch with Lauren Cowles from Cambridge University
Press. Finally, he continuously encouraged me to complete this project. It took
almost seven years! There is no good excuse for it. We all know how such a task
can be pushed aside by more “urgent” and “demanding” tasks. Apparently, it
took me some time to realize how important this task was, and that it could not
be completed without a coordinated effort. Only after I recruited Lotem Kaplan
to do the typesetting of the unrevised chapters and complete the missing figure
and index terms did this project begin to progress seriously. I am truly grateful
to Oded for his insistence, to Lotem for her assistance, and to Lauren for her
kind patience.

Finally, I wish to thank Richard M. Karp, an old friend of my father’s, for his
foreword. I also wish to thank Andrew Goldberg, the expert in network flow
algorithms, for the notes he contributed in Chapter 5. These notes outline the
major developments in the algorithms for maximum flow that have taken place
since the first edition of this book was published.

Guy Even
Tel-Aviv, March 2011



Preface to the First Edition

Graph theory has long been recognized as one of the more useful mathematical
subjects for the computer science student to master. The approach that is natural
to computer science is the algorithmic one; our interest is not so much in the
existence proofs or enumeration techniques as itis in finding efficient algorithms
for solving relevant problems or, alternatively, in showing evidence that no such
algorithm exists. Although algorithmic graph theory was started by Euler, if not
earlier, its development in the last ten years has been dramatic and revolutionary.
Much of the material in Chapters 3, 5, 6, 8, 9, and 10 is less than ten years old.

This book is meant to be a textbook for an upper-level undergraduate, or a
graduate course. It is the result of my experience in teaching such a course
numerous times, since 1967, at Harvard, the Weizmann Institute of Science,
Tel-Aviv University, the University of California at Berkeley, and the Tech-
nion. There is more than enough material for a one-semester course; [ am sure
that most teachers will have to omit parts of the book. If the course is for
undergraduates, Chapters 1 to 5 provide enough material, and even then, the
teacher may choose to omit a few sections, such as 2.6, 2.7, 3.3, and 3.4,
Chapter 7 consists of classical nonalgorithmic studies of planar graphs, which
are necessary in order to understand the tests of planarity, described in Chapter
8; it may be assigned as a preparatory reading assignment. The mathematical
background needed for understanding Chapters 1 to 8 includes some knowl-
edge of set theory, combinatorics, and algebra, which the computer science
student usually masters during his freshman year through courses on discrete
mathematics and on linear algebra. However, the student also needs to know
something about data structures and programming techniques, or he may not

The first edition was published in 1979 (G.E.).
1 Sections 2.6 and 2.7 were removed from the second edition by Shimon Even.
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xii Preface to the First Edition

appreciate the algorithmic side or may miss the complexity considerations. It
is my experience that after two courses in programming, students have the nec-
essary knowledge. However, in order to follow Chapters 9 and 10,” additional
background is necessary, namely, in theory of computation. Specifically, the
student should know about Turing machines and Church’s thesis.

The book is self-contained. No previous knowledge is needed beyond the
general background just described. No comments such as “the rest of the proof
is left to the reader” or “this is beyond the scope of this book™ are ever made.
Some unproved results are mentioned, with a reference, but are not used later
in the book.

At the end of each chapter, there are a few problems teachers can use for
homework assignments. The teacher is advised to use them discriminately,
since some of them may be too hard for his students.

I'would like to thank some of my past colleagues for our joint work and for the
influence they have had on my work, and therefore on this book: I. Cederbaum,
M. R. Garey, J. E. Hopcroft, R. M. Karp, A. Lempel, A. Pnuely, A. Shamir,
and R. E. Tarjan. Also, I would like to thank some of my former Ph.D. students
for all that I have learned from them: O. Kariv, A. Itai, Y. Perl, M. Rodeh,
and Y. Shiloach. Finally, I would like to thank E. Horowitz for his continuing
encouragement.

S.E., Techinion, Haifa, Israel

2 Chapters 9 and 10 are not included in the second edition.



1
Paths in Graphs

1.1 Introduction to Graph Theory

A graph G(V,E) is a structure consisting of a set of vertices V = {v1,vy,...}
and a set of edges E ={e1,ez,...}; each edge e has two endpoints, which are
vertices, and they are not necessarily distinct.

Unless otherwise stated, both V and E are assumed to be finite. In this case
we say that G isfinite.

For example, consider the graph in Figure 1.1. Here, V = {v1,v2,v3,V4,Vs},
E ={e1,e2,e3,e4,es5}. The endpointsof e, are vy and v,. Alternatively, we say
that e, isincident on vy, and v,. The edges e4 and es have the same endpoints
and are therefore called parallel. Both endpoints of e; are the same—vy; such
an edgeiscaled aself-loop.

Thedegree of avertexv, d(v), isthe number of timesv isused as an endpoint.
Clearly, a self-loop uses its endpoint twice. Thus, in our example, d(v1) =4,
d(v2) = 3. Also, avertex whosedegreeis zeroiscalled isolated. In our example,
vz isisolated since d(v3) = 0.

Lemma 1.1 [n a finite graph the number of vertices of odd degree is even.

Proof: Let [V|and |E| be the number of vertices and edges, respectively. Itis
easy to see that
VI

D d(vi)=2-]€l,
i=1

since each edge contributestwo to the left-hand side: oneto the degree of each
of itstwo endpointsif they are distinct; and two to the degree of its endpoint if
the edgeis a self-loop. For the |eft-hand side to sum up to an even number, the
number of odd terms must be even. |
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Figure 1.1: Example of a graph.

The notation u - v meansthat the edge e isincident on verticesu andv. In
this case we also say that e connects verticesu and v, or that verticesu and v
are adjacent.

A path, P, is a sequence of vertices and edges, interweaved in the following
way: P starts with a vertex, say vo, followed by an edge e; incident to vy,
followed by the other endpoint v; of e;, and so on. We write

P:voLy, L2y,
If P isfinite, it ends with avertex, say v;. We cal vq the start-vertex of P and
w the end-vertex of P. The number of edge appearancesin P, 1, is called the
length of P. If L =0, then P is said to be empry, but it has a start-vertex and
an end-vertex, which are identical. (We shall not use the term “path” unless a
start-vertex exists.)

In a path, edges and vertices may appear more than once, unless otherwise
stated. If no vertex appears more than once, and therefore no edge can appear
more than once, the path is called simple.

A circuit, C, isafinite path in which the start and end vertices are identical.
However, an empty path is not considered acircuit. By definition, the start and
endverticesof acircuit arethesame, and if thereisno other repetition of avertex,
thecircuitiscalled simple. However, acircuit of lengthtwo, a £~ b -£- a, where
the same edge, e, appearstwice, is not considered smple. (For alonger circuit,
it is superfluous to state that if it is simple, then no edge appears more than
once.) A self-loop isasimple circuit of length one.

If for every two verticesu and v of agraph G, thereisa(finite) path that starts
inu and endsinv, then G is said to be connected.

A digraph or directed graph G(V,E) is defined similarly to a graph, except
that the pair of endpoints of every edge is now ordered. If the ordered pair of
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endpoints of a (directed) edge e is (u,v), wewrite
e
u—v.

Thevertex w is called the start-vertex of e; and the vertex, v, the end-vertex of
e. Theedgee issaid to bedirected fromu tov. Edgeswith the same start-vertex

and the same end-vertex are called parallel. If uw £ v, u v andv & u, then
e1 and e, are antiparallel. An edge uw — u is called a self-loop.

The out-degree doq+(v) Of vertex v isthe number of (directed) edges having
v asther start-vertex; in-degree din (v) issimilarly defined. Clearly, for every
finite digraph G(V,E),

Z din (V) = Z dout(v)-

vev vev

A directed path is sSimilar to apath in an undirected graph; if the sequence of
edgesises, ey, - - thenfor every i > 1, theend-vertex of e; isthe start-vertex of
ei+1. Thedirected path is simple if no vertex appears on it more than once. A
finite directed path C isadirected circuit if the start-vertex and end-vertex of C
arethe same. If C consists of one edge, it isaself-loop. As stated, the start and
end vertices of C areidentical, but if there is no other repetition of avertex, C
issimple. A digraphis said to be strongly connected if, for every ordered pair
of vertices (u,v) thereis adirected path which starts at u and endsin v.

1.2 Computer Representation of Graphs

To understand the time and space complexities of graph agorithms one needs
to know how graphs are represented in the computers memory. In this section
two of the most common methods of graph representation are briefly described.
Let us consider graphs and digraphs that have no parallel edges. For such
graphs, the specification of the two endpointsis sufficient to specify the edge;
for digraphs, the specification of the start-vertex and the end-vertex issufficient.
Thus, we can represent such agraph or digraph of n verticesby ann x n matrix
M, where M; = 1if thereisan edge connecting vertex v; tov;, and My; =0, if
not. Clearly, in the case of (undirected) graphs, M; = 1 impliesthat M;; = 1;
or in other words, M issymmetric. But in the case of digraphs, any n x n matrix
of zerosand onesis possible. This matrix is called the adjacency matrix.
Giventhe adjacency matrix M of agraph, onecan compute d(v; ) by counting
the number of ones in the i-th row, except that a one on the main diagonal
representsasel f-loop and contributestwo to the count. For adigraph, the number
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of onesin the i-th row is equal to do ¢ (vi), and the number of onesin thej-th
columnisequal to din (vj).

Theadjacency matrix isnot an efficient representation of thegraphif thegraph
issparse; namely, the number of edgesissignificantly smaller than n?. Inthese
cases, it is more efficient to use the incidence lists representation, described
later. We use this representation, which also allows parallel edges, in this book
unless stated otherwise.

A vertex array is used. For each vertex v, it lists v’s incident edges and a
pointer indicating the current edge. The incidence list may simply be an array
or may bealinked list. Initially, the pointer pointsto the first edge on the list.
Also, we use an edge array, which tells us for each edge its two endpoints (or
start-vertex and end-vertex, in the case of adigraph).

Assume we want an algorithm TRACE(s, P), such that given a finite graph
G(V,E) andadtart-vertex s € V tracesamaximal path P that startsat s and does
not use any edge more than once. Note that by “maximal” we do not mean that
the resulting path, P, will be the longest possible; we only mean that P cannot
be extended, that is, there are no unused incident edges at the end-vertex.

We cantrace apath starting at s by taking thefirst edge e; ontheincidencelist
of s, marking e; as “used” in the edge array, and looking up its other endpoint
v1 (whichiss if e; isaself-loop). Next, use the vertex array to find the pointer
to the current edge on the list of v;. Scan the incidence list of v, for the first
unused edge, takeiit, and so on. If the scanning hitsthe last edge and it is used,
TRACE(s,P) halts. A PASCAL-like description of TRACE(s, P) is presented
in Algorithm 1.1. Hereisalist of the data structuresit uses:

(i) A vertex table such that, for every v € V, it includes the following:
— A list of the edgesincident on v, which ends with NIL
— A pointer N(v) to the current item in thislist. Initialy, N(v) pointsto
the first edge on thelist (or to NIL, if thelist is empty).
(if) An edge table such that every e € E consists of the following:
— Thetwo endpoints of e
— A flag that indicates whether e isused or unused. Initialy, all edgesare
unused.
(iii) An array (or linked list) P of edges that is initiadly empty, and when
TRACE(s,P) halts, will contain the resulting path.

Notice that in each application of the “while” loop of TRACE (lines2-10in
Algorithm 1.1), either N(v) is moved to the next item on the incidence list of
v (line 4), or lines 6-10 are applied, but not both. The number of times line
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Procedure TRACE(s, P)

I v<s

2 while N(v) points to an edge (and not to NIL) do

3 if N(v) points to a used edge do

4 change N(v) to point to the next item on the list
5 else do

6 e« N(v)

7 change the flag of e to used

8 add e to the end of P

9 use the edge table to find the second endpoint of e, say u
10 vViu

Algorithm 1.1: The TRACE algorithm.

4 is applied is clearly O(|E|). The number of times lines 6-10 are applied is
also O(|EJ), since the flag of an unused edge changes to used, and each of these
lines takes time bounded by a constant to run. Thus, the time complexity of
TRACE is O(|E|)." (In fact, if the length of the resulting P is L then the time
complexity is O(1); this follows from the fact that each edge that joins P can
“cause a waste” of computing time only twice: once when it joins P and, at
most, once again by its appearance on the incidence list of the adjacent vertex.)

If one uses the adjacency matrix representation, in the worst case, the tracing
algorithm takes time (and space) complexity Q(|V|?).” Andif |E| << [V]?, as is
the case for sparse graphs, the complexity is reduced by using the incidence-list
representation. Since in most applications, the graphs are sparse, we prefer to
use the incidence-list representation.

Note that in our discussions of complexity, we assume that the word length of
our computer is sufficient to store the names of our atomic components: vertices
and edges. If one does not make this assumption, then one may have to allow
Q(log([E|+|V])) bits to represent the atomic components, and to multiply the
complexities by this factor.
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1.3 Euler Graphs

An Euler path of afinite undirected graph G(V,E) is a path such that every
edge of G appearson it once. Therefore, the length of an Euler pathis|E|. If G
has an Euler path, then it iscalled an Euler graph.

Theorem 1.1 A finite (undirected) connected graph is an Euler graph if and
only if exactly two vertices are of odd degree or all vertices are of even degree.
In the latter case, every Euler path of the graph is a circuit, and in the former
case, none is.

As an immediate conclusion of Theorem 1.1 we observe that none of the
graphsin Figure 1.2 is an Euler graph because both have four vertices of odd
degree. The graph shown in Figure 1.2(a) is the famous Konigsberg bridge
problem solved by Euler in 1736. Thegraph shownin Figure 1.2(b) isacommon
mideading puzzle of the type “draw without lifting your pen from the paper.”

Proof: It is clear that if a graph has an Euler path that is not a circuit, then
the start-vertex and the end-vertex of the path are of odd degree, while all the
other vertices are of even degree. Also, if agraph has an Euler circuit, then all
vertices are of even degree.

Assume now that G is afinite graph with exactly two vertices of odd degree,
a andb. We now describean algorithm (A ), which will find an Euler path from
atob.

First, trace amaximal path P, asin the previous section, starting at vertex a.
Since G is finite, the algorithm halts, producing a path. But as soon as the path
emanatesfrom a, one of the edgesincident to a isused, and a’sresidual degree
becomeseven. Thus, every time a isreentered, thereisan unused edgeto leave

C
)

(@ (b)
Figure 1.2: Non-Eulerian graphs.



1.3 Euler Graphs 7

a by. Thisprovesthat P cannot endin a. Similarly, if vertexv € V\{a, b}, then
P cannot end inv. It followsthat P endsin b.

If P contains all the edges of G, we are done. If not, we make the following
observations:

e Theresidua degree of every vertex is even.

e Thereis an unused edge incident on some vertex v that is on P. To see that
this must be so, let u - w be an unused edge. If either 1 or w ison P, we
are done. If not, since G is connected, thereis a path Q from a to u. There
must be unused edges on Q. Going from a on Q, the first unused edge we
encounter fits the bill.

Now, trace a maximal path P’ in the residual graph, which consists of the
set V of vertices and all edges of E that are not in P. Start P’ at v. Since all
vertices of the residual graph are of even degree, P’ endsin v (and istherefore
acircuit). Next, combine P and P’ to form one path from a to b as follows:
Follow P until it entersv. Now, incorporate P/, and then follow the remainder
of P.

Repeat, incorporating additional circuitsinto the present path aslong asthere
are unused edges. Sincethe graph isfinite, this processwill terminate, yielding
an Euler path.

If al vertices of the graph are of even degree, the first traced path can start at
any vertex, and will be a circuit. The remainder of the algorithm is similar to
to this process. |

Inthe caseof digraphs, adirected Euler path isadirected path in which every
edge appears once. A directed Euler circuit is adirected Euler path for which
the start and end vertices are identical. In addition, digraph is caled Euler if it
has a directed Euler path (or circuit).

The underlying (undirected) graph of adigraph isthe graph resulting from
the digraph if the direction of the edgesisignored. Thus, the underlying graph
of thedigraph in Figure 1.3(a) is shown in Figure 1.3(b).

O—0O0—0O O—0O-—0
@) (b)
Figure 1.3: A digraph and its underlying graph.
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Theorem 1.2 A finite digraph is an Euler digraph if and only if its underlying
graph is connected and one of the following two conditions holds:

(i) There is one vertex a suchthat doy (@) = din(a)+1, and anothervertex b
such that doyt(b) + 1= din(b), while for every other vertex v, doyt(v) =
din (V)

(ii) For every vertex v, doyt(v) = din (V).

In the former case, every directed Euler path starts at a and ends in b. In the
latter, every directed Euler path is a directed Euler circuit.

Theproof of Theorem 1.2 isalong the samelinesasthe proof of Theorem 1.1,
and is therefore not repeated here.

Let us make now a few comments about the complexity of the algorithm A
for finding an Euler path, asdescribed in the proof of Theorem 1.1. Our purpose
isto show that the time complexity of the algorithm is O(|E|).

Assume G(V, E) is presented in the incidence list’s data structure. The main
path P and the detour P’ will be represented by linked lists, where each item
on the list represents an edge.

In the vertex table, we add for each vertex v the following two items:

(i) A flag that indicates whether v is aready on the main path P or the detour
P’. Initialy, thisflag is “unvisited.”

(i) Forevery visited vertex v, thereisapointer E(v) to thelocation on the path
of the edge through which v was first encountered. Initialy, for every v,
E(v) =NIL.

We shall also usealist L of visited vertices. Each vertex enters L once, when
its flag is changed from “unvisited” to “visited.”

A starts by running TRACE(a, P), updating the vertices” flags, and E(v) for
each newly visited vertex v. Next, the following loop is applied:

If L is empty, A halts. If not, take a vertex v from L, and remove v from L.
Use TRACE(v,P’) to produce P’. Look up edge E(v), recording the location
of the edge e it is linked to. Change this link to point to the first edge on P’.
Now, let the last edge of P’ point to e.

Note that when TRACE(v,P’) terminates, v has no unused incident edges.
This explains why we can removev from L.

Now that P’ has been incorporated into P, the loop is repeated.

It is not hard to see that both the time and space complexitiesof A are O(|E|).
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1.4 De Bruijn Sequences

Let ~ ={0,1,...,0 — 1} be an alphabet of o letters. Clearly, thereare L = o™
different wordsof lengthn over X. A de Bruijn sequence isa(circular) sequence
apas---ap—; over £ suchthat for every word w of lengthn over £ thereexists
a(unique) 0 < j < L such that

Q5417 Aj4n-1 =W,

where the computation of theindexesis modulo L.

The most important case is that of o = 2. Binary de Bruijn sequences are of
great importance in coding theory and can be generated by shift registers. (See
Golomb, 1967, on the subject.) In this section we discuss the existence of de
Bruijn sequencesfor every o and every n.

For that purpose let us define the de Bruijn digraph G (V, E) asfollows:

(i) V=11 ie,thesetof all o™ wordsof lengthn — 1 over L.
(i) E=Xm.
(iii) The directed edge b;b,---b,, starts at vertex bib,---b,,—1 and ends in
vertex bobs - by

Digraphs G, 3 and G, 4 are shownin Figure 1.4. Gz, isshown in Figure 1.5.

Observethat if wy,w, € ™, then w, can follow w; in ade Bruijn sequence
only if in G4, the edge w, starts at the vertex in which wy ends. It follows
that there is a de Bruijn sequence for o and n if and only if thereis a directed
Euler circuitin Gg n.

For example, consider the directed Euler circuit of G 3, which consistsof the
following sequence of directed edges:

000, 001, 011, 111, 110, 101, 010, 100.

The corresponding de Bruijn sequence, 00011101, follows by reading the first
letter of each word (edge) in the circuit.

Theorem 1.3 For every o andn, G n has a directed Euler circuit.

Proof: To use Theorem 1.2 we have to show that the underlying undirected
graph of G, isconnected and that for every vertex v, doyt (V) = din (V).

Let us show that G 1, isstrongly connected. Thisimpliesthat its underlying
undirected graph is connected.
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GZ,S GZ,A

Figure 1.4: Examplesof de Bruijn digraphsfor o = 2.
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Figure1.5: Gs;
Letbyby - by andcics---cn_1 beany two vertices. The directed path
bibs---bn_1c1, bobz---bn_1c1c2, ...,br_1C1 - Cn1

is of length n — 1, it starts a vertex bib,---b,_1 and ends in vertex
C1C2+--Cn—1, Showing that G, ., is strongly connected. (Observe that this
directed path is not necessarily simple; it may use vertices and edges more
than once.)

Now, observethat for eachvertexv="1b;b,- - - b1, every outgoing edgeis of
theformb;b,---b,,_1¢, wherec canbeany of the o letters. Thus, dou (V) = 0.
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A similar statement holdsfor di., (v). Thus, theconditionthat d ..+ (V) = din (V)
holds, uniformly. |

Corollary 1.1 For every o and n there exists a de Bruijn sequence.

1.5 Shortest-Path Algorithms

In general, the shortest-path problem is concerned with finding shortest paths
between vertices. Many interesting problemsarise, and their variety dependson
the type of graph in our application and the exact question we want to answer.
Some of the characteristics that may help in defining the exact problem are as
follows:

(i) Thegraphisfiniteor infinite.
(if) Thegraphis undirected or directed.

(iii) Theedgesareall of length one, or all lengths are nonnegative, or negative
lengths are allowed.

(iv) We may be interested in shortest paths from a given vertex to another, or
from a given vertex to al the other vertices, or from each vertex to all the
other vertices.

(v) Wemay beinterested in finding just one path, or inall paths, or in counting
the number of shortest paths.

Clearly, this section will deal only with afew of all possible problems. We
attempt to describe the most important techniques.

It is assumed that we are given a graph (or digraph) G(V,E) and a length
function1: E — R. Namely, if e is an edge, then 1(e) is the length of e. The
length of a path is the sum of the lengths of edges on it. The distance from
vertex u to vertex v, d(u,v), isthelength of ashortest path fromw tov if there
are paths from u to v, and isinfinite if no such path exists.

In most algorithms described in this section, the scenario is as follows. We
assumethat thereis a designated vertex s € V, called the source. We denote by
5(v) thevalue d(s,v). The algorithm will assign a label A(v) to some (or all)
verticesv. Thus prove that when the algorithm halts, A(v) = 6(v).

1.5.1 Breadth-First Search

Let us start with the case that G is finite and undirected, 1(e) = 1 for every
edgee, and s € V isadesignated source. Our goal isto compute 6(v) for every
vertex v.



12 1 Paths in Graphs

Procedure BFS(G, s;A)

empty Q and put s in Q
A(s)«0
T« {s}
while Q # () do
removethe first vertex, u, from Q
forevery edgeu—v, if v T, do
T+ Tu{v}
AV) < A(u)+1
putvinQ

© 0O ~NO O WNPE

Algorithm 1.2: The BFS algorithm.

The natural and simple algorithm that follows was first suggested by
Moore 1957, and was later called Breadth-First Search, or BFS. Intuitively, all
it doesisthe following:

We start by assigning A(v) < oo for every v € V. We then proceed in waves.
Inwavei > 0 aset W(i) of verticesis assigned a finite label A(v) « 1, and
no vertex with a finite label will ever be relabeled. In wave 0, A(s) < 0, and
therefore W(0) = {s}. Aslong as W(i) # (), i is incremented, for every edge
u—-mv,suchthatA(u) =i—21andA(v) = oo, assignA(v) < iandputv € W(i).

In the Pascal-like algorithm, described in Algorithm 1.2, we use a dlightly
different presentation; our reasons for doing so are discussed later. In this pre-
sentation we do not use the sets of waves, nor istherearunningindex i. Instead,
weuseaqueue Q of verticesand aset T of vertices. Thefirst vertex to beremoved
from Q is s, and for every edge incident on s, the adjacent vertex, if “new,”*
islabeled 1, joins T, and is put on Q. (These are the vertices of W/(1).) Next,
vertices (that would have been in W(1)) are removed from Q, and their new
neighbors® are labeled 2, join T, are put in Q, and so on.

Let ussay that avertex v isaccessible fromu if thereisapath fromu tov.

Theorem 1.4 Algorithm BFS assigns every vertex v, which is accessible from
s, a label \(v) and A(v) = b(v).

3 NotinT.
4 Adjacent vertices.
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Proof: Firgt, let us prove that if v is accessible from s, then it gets a (finite)
label A(v), and A(v) < 6(v). Thisis proved by induction on the value of 5(v).
Thebasisis established by Line 2, where s islabeled 0.

Now, assume the claim holds for vertices whose distance from s is less than
i, and let us proveit for vertex v for which 6(v) =1.

There is a path P from s to v of length i. The vertex u that precedes v on
P, satisfies 5(u) =1i— 1.° Thus, by the inductive hypothesis, 1 is labeled, and
A(u) <1—1. When u isremoved from Q, the edge betweenw andv on P is
examined. If at that time v is not yet labeled, it gets alabel A(v) <1, proving
the claim. If v is already labeled, by the fact that waves exit Q according to
nondecreasing order, A(v) cannot be higher than 1.

It is easy to see that if avertex v gets a label A(v), then there is a path of
lengthA(v) from s tov. Such apath can betraced back fromv to s by the edges
through which verticeshave been labeled. Thisprovesthat A(v) > 8(v). Putting
the two inequalities together, the theorem follows. |

The foregoing discussion holds for digraphs as well. The only change one
has to make in Algorithm 1.2 isto replace “u —v” by “u —v.”

In the case of infinite graphs (digraphs), one can still use a modification of
BFS to solve the problem, provided the following conditions hold:

(i) Sinceit is impossible to store the entire input graph, there should be an
algorithm that provides the data of the vertex table of a specified vertex,
when such is requested. Clearly, the degrees (out-degrees) of the vertices
must be finite.

(ii) Thereisadesignated-target vertex t, whichisaccessiblefroms, and all we
wanttodoisto find 6(t) (and 5(v) for every v, such that 5(v) < 6(t)).

All one needsto change in Algorithm 1.2 is Line 4, as follows: “while Q # ()
and t ¢ T do.” Note that the description of BFS asin Algorithm 1.2 does not
require the prelabeling of all vertices by oo, which is an impossible task if G
has infinitely many vertices.

Let us discuss the time complexity of BFS for finite graphs (digraphs). We
canrepresent T by an array of length |V| inwhichthei’th positionisOifv; ¢ T
and oneif v; € T. Looking up whether v € T or changing thei’th position takes
constant time, but the performance of Line 3 takes Q(|V|) time. In addition,
note that each edge is examined at most twice once from each of its endpoints,

5 Itiseasy to prove that every subpath of a shortest path isitself a shortest path between its two
ends. Thisis sometimes referred to as the “principle of dynamic programming.”
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and when the edgeis examined it may cause a computation that takes constant
time. Thus, the time complexity of BFSis O(|V|+ [E]).

Finally, let us comment on how one can use the data generated by BFS to
trace a shortest path from s to avertex v € T. This can be done as described
in the last paragraph of the proof of Theorem 1.4. To find the edge by which
a vertex has been labeled, one can add to the vertex table an item that carries
this information; initially, the value of this item is NIL for every vertex, and
when avertex joins T, theitem is updated. This showsthat the time complexity
remains essentially unchanged.

1.5.2 Dijkstra’s Algorithm

In this subsection, we shall first assume that we are given a finite digraph
G(V,E); thereisasourcevertex s, and every (directed) edge e hasanonnegative
length 1(e) > 0. Our task isto compute 6(v) for every vertex v. Later, we shall
discuss other cases in which similar algorithms apply.

If all edge lengths are positive integers, it may seem that by replacing each
edge e by adirected path that goesthrough 1(e) new edges, all of length 1, and
1(e) — 1 new (intermediate) vertices, the problemismapped tothe case described
in the previous subsection, and BFS can be used to solve it. Although, thisis
avalid statement, from a computer-science point of view, it isabad idea. The
reasonisthat it takeslogl(e) bitsto represent 1(e), and the foregoing suggested
transformation introduces 1(e) — 1 new vertices and edges. This blows up the
length of the input data exponentialy. The Dijkstra Algorithm (Dijkstra 1959,
vol.1) avoids this blowup and keeps the complexity bounded polynomialy in
terms of the length of the input data.

The Dijkstra algorithm is presented in Algorithm 1.3 in Pascal-like style.
Two sets of vertices are used: T is the set of temporarily labeled vertices; that
is, verticesfor which A has been assigned but its valueis still subject to change.
P is the set of permanently labeled vertices. Vertices neither in T, nor in P,
have not been labeled yet. A vertex v, for which A(v) is minimum, among the
verticesin T, is chosen in Line 5. This vertex moves from T to P, and every
edge e outgoing from v is examined. If the end-vertex u of e isin T, then its
label islowered in Line 10, if e enables such an improvement. If w is new, it
getsalabel inLine12, and joins T in Line 13.

Lemma 1.2 When procedure DIJKSTRA is applied to any finite digraph G and
start-vertex s, it halts.
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Procedure DIJKSTRA(G, s, ;A)

A(s)«+0
T+ {s}
P10
while T # () do
chooseavertex v e T for which A(v) isminimum
T+ T\{v}
P« PU{v}
for everyv & udo
ifueT then do
Alu) < min{A(u), A(v) +1(e)}
else, if u ¢ P then do
Alw) < A(v) +1(e)
T+ Tu{u}

© 00 NO O~ WDN PP
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Algorithm 1.3: The Dijkstra algorithm.

Proof: Every vertex enters T at most once, and every vertex chosenin Line 5
leaves T. The performance of Line 5 takes at most O([V/|) time, and the sum
total time to perform Lines 8-13, for all chosen vertices, is O(|E|), since no
edge is examined more than once. After performing Line 5 [V| times, T must
be empty, and the procedure halts. [ |

It follows that the time complexity of Dijkstra’s algorithm is O(|V|? + [E|).
We shall return to thisissue.

Lemma 1.3 During the computation of Dijkstra’s algorithm, every vertex
accessible from s gets a label.

Proof: Let P be adirected path from s to v. If v does not get alabel, let u be
the first unlabeled vertex along P when the algorithm halts. Consider the edge
w -5 1 on P. Since w has been labeled, eventualy, it is chosen to leave T,
and by the edge e, u getslabeled. A contradiction. [ |

Lemma 1.4 At any time during the computation of Dijkstra’s algorithm, if a
vertex v is labeled \(v), then there is a directed path from s to v whose length
is A(v).
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Proof: By induction on the time during which an assignment or reassignment
of alabel takes place. The first assignment isin Line 1, and indeed, thereisa
path of length O from s to itself, that is, the empty path.

Now, look at an assignment, or reassignment, that occurs at time T, and
assumeall previousassignments satisfy the claim. Assumevertex v isassigned
alabel at time T (for the first time) in Line 12. Thus, the label of v at time
T was assigned earlier. By the inductive hypothesis, there is a directed path
from vertex s to v of length A(v), and this path, appended with e, is a path of
length A(u) from s to u. A similar argument holds in case of a reassignment,
per Line 10. [ |

Notethat Lemmal.4 impliesthat for every labeled vertex v (and at any time),
Alv) = 8(v). (1D

Theorem 1.5 When Dijkstra’s algorithm halts, for every vertex v accessible
from s,

Alv) =58(v).

Proof: If visaccessible from s, then by Lemma 1.3, v has an assigned label
A(v). By Equation 1.1, A(v) > §(v). It remainsto show that A(v) < 8(v).

The proof is by induction on the order in which verticesjoin the set P.

Let P be a shortest directed path from s to v. Let T be the time when vertex
vischosentojoin P. At that time, s isin P and v is hot. Thus, there must be
an edge u £, wonP such that u € P and w ¢ P. Consider the following
seguence of claims:

¢ Since the length of edges is honnegative, the subpath of P, fromw tov, is
of anonnegative length. Thus,

5(v) = d(w).

e Since every subpath of a shortest path is shortest from its start-vertex to its
end-vertex, the subpath of P from s to w is shortest, and its length consists
of the length of a shortest path from s to u plusl(e), that is,

d(w) =6(u) +1(e).

¢ Sinceu hasjoined P beforetime, by theinductivehypothesis, 6 (u) > A(u).
Thus,

d(u)+1(e) = Alu) +1(e).
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e Sinceu hasjoined P beforetime T, al its outgoing edges, including e, have
been examined, as per Lines 8-13. Thus, at time t, A(w) has been assigned,
and

Au)+1(e) = A(w).

e However, at time 1, v has been chosen to join P, not w. Thus,
Alw) = A(v).

These foregoing five relations imply that, at time T,
5(v) = A(v).

Aswehave seen, asimpleimplementation of the Dijkstraalgorithmisof time
complexity O(|V|2+|E|). For sparse graphsthe bulk of the computationisinthe
Q(|V|) applicationsof Line5, where many of them may take Q (|V/|) time each.
If one uses a heap to store the vertices of T (seg, e.g., Cormen et al. [4]), then
the complexity is reduced to O(|E| - log|V/]). If one uses Fibonacci heaps (see,
e.g., [5] or [4]), then the complexity is reduced further to O(|V/|-log|V|+ [E]).

In case of undirected graphs, the Dijkstra algorithm is applicable; the only
change one should makeis to replace “v o by “v £ u”inLine8. Alter-
natively, transform the given graph to a digraph by replacing each undirected
edge with a pair of antiparallel directed edges of the same length, and apply
Dijkstra’salgorithm asis.

If thereisatarget vertex t, and one does not want to continuethe computation
after t hasbeen put in P, then one should replace Line 4 with “while T # () and
t ¢ P do.” This change makes the algorithm applicable for infinite graphs,
provided t is accessible from s, the out-degrees of the vertices are finite, and
the number of verticesv, for which §(v) < §(t), isfinite.

Note that Dijkstra’s algorithm may not be applicable if there are edges of
negative length. Thisis the case even if the graph is directed and there are no
directed circuits whose length is negative.

1.5.3 The Ford Algorithm

In this subsection we assume that the given digraph, G(V,E), is finite, every
(directed) edge e has alength 1(e), which may be negative. We are also given
asource vertex s. Our task isto compute 5(v) for every vertex v.
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Procedure gen-FORD(G, s,L;A)

for everyv €V do
Av) < o0
Als) «0
while thereis an edgeu ¢, v such that A(u) isfiniteand A(v) >
Alu)+1(e) do
AV) < Alu)+1(e)

A WN P
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Algorithm 1.4: The generic Ford algorithm.

Let us call adirected circuit negative if its length is negative. Notice that if
thereisanegativecircuit C, and it is accessible from s, then the distance from
s to the vertices on C is not defined; for every real number r, one may take a
path from s to one of C’s vertices and go around C sufficiently many times,
to build up a path of length less than r. But, if there are no negative circuits
accessiblefrom s, then either v isnot accessible from s, and then 6(v) = oo, or
only ssimple pathsfrom s to v need to be considered. The number of such paths
isfinite, and therefore, 5(v) iswell defined. Thus, we concludethat 5(-) iswell
defined.

The generic Ford algorithm [6, 7],° described in Algorithm 1.4, computesfor
every vertex v, avalue A(v). Aswe shall see, if there are no negative circuits
accessiblefrom s, the procedurewill terminate, and upon termination, for every
vertex v, A(v) = d(v).

Lemma 1.5 While running gen-FORD, if (V) is finite then there is a directed
path from s to v whose length is A(v).

The proof is similar to that of Lemma1.4.

Lemma 1.5 holds even if there are negative circuits. However, if there are
no such circuits, the path traced in the proof cannot return to a vertex visited
earlier. For if it does, then by going around the directed circuit, a vertex has
improved its own label. This implies that the sum of the edge lengths of the
circuit is negative. Therefore, we have:

6 Sometimes called the Bellman-Ford algorithm.
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Lemma 1.6 If the digraph has no accessible negative circuits and if, while
running, gen-FORD \(V) is finite, then there is a simple directed path from s
to v whose length is A(v).

Under the conditions of Lemma 1.6, since each new assignment of A(-)
corresponds to a new simple directed path from s, and since the number of
simpledirected paths (from s) isfinite, we concludethat under these conditions
procedure gen-FORD must terminate, and is therefore, an algorithm.

Lemma 1.7 For a digraph with no accessible negative circuits, upon termina-
tion of the Ford algorithm, A(v) = 8(Vv) for every vertex v.

Proof: If v isnot accessible from s, then both A(v) and 6(v) are equal to co
and the claim holds.

If visaccessiblefrom s, by Lemmal.5 A(v) > 6(v). It remainsto be shown
that A(v) < d(v).

Let P be ashortest path from s to v, where

e1 () (4]
Pis=up—>u; —uz---u_1—>u =m.

We prove, by induction on 0 < i < 1, that A(uy) < 8(uy). The clam clearly
holdsfor ug, by Line 3 and the fact that |abels never increase.

Let 1 be the least value for which A(u;) > 6(uy). Since every section of a
shortest path is shortest between its two endpoints, the length of the subpath
of P, fromug tou; isd(ui) and 6(uy) = 6(ui—1) + l(ey). By the choice of 1,
A(ui,l) < 6(ui,1). It follows that

Alug) > d(ui) = 8(ui—1) +1(ei) = Alui—1) +1(eq).

Thus, the agorithm should not have terminated. |

In spiteof thefact that gen-FORD isavalid algorithm, thelack of determinism
in the choice of the order in which the edges are observed in Line 4 may be
abused to causethe a gorithmto take exponential time. (See Johnson[8].) There
is a smple remedy: Order the edges of the digraph — any order will do — and
perform Line 4 by scanning the edgesin this order. Once the scan is complete,
repeat it until there is no improvement in a complete scan. This procedure,
adv-FORD, is described in Algorithm 1.5, where it is assumed that

E={ey, e, ..., em}
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Procedure adv-FORD(G(V,E),s,L;A)

for everyv €V do
Av) < o0

Als)«0

repeat
Flag < False
foreveryl<i<mdo

letu ﬁﬂ)

if AM(u) isfinite and A(v) > A(u) + l(e;) then do
AV) < Alu) +1ei)
Flag < True

11 until Flag = False

O oOo~N OO, WN P

=
o

Algorithm 1.5: The advanced Ford algorithm.

Theorem 1.6 Ifthe digraph has no accessible negative circuits, then procedure
adv-FORD terminates in O(|V|-|E|) time, and when it terminates, A\(v) = 5(Vv)
for every vertex v.

Proof: Letusproveby inductiononk that for every vertexv, if thereisashortest
path from s to v, which consists of k edges, then after the k-th application of
theloop (Lines4-11), or if procedure adv-FORD halts earlier, A(v) = (v).

For k = 0, the only applicable vertex is s, and Line 3 establishes the claim.
Assume now that the claim holds for 0 < k < j and show that it holds for
k=j+1

If procedure adv-FORD terminatesbeforethe j + 1-st application of theloop,
theclaimfollowsfromLemmaZl.7. Let v beavertex such that thereisashortest
path, P, from s to v that consists of j + 1 edges. (If thereis aso a shortest path
from s to v which consists of less edges, then there is nothing to prove.) Let
u-% v bethelast edgein P. Since the subpath of P from s to u is a shortest
path tou, and sinceit consists of j edges, by the inductive hypothesis, after the
j-th application of theloop, A(u) = &(u). Inthej + 1-st application of theloop,
when e ischecked, A(v) getsthe value d(v), if it has not had that value already.
That provesthe claim.

If v isaccessible from s, and since there are no accessible negative circuits,
ashortest path from s to v issimple and consists |[V| — 1 edges, or fewer. Thus,



1.5 Shortest-Path Algorithms 21

during the | V|-th application of the loop no vertex improvesits label, and the
procedure halts. Since the time complexity of the loop is O(|E|), the whole
proceduretakes O(|V|-|E|) time. [ |

A simple conclusion of the proof of Theorem 1.6 is that, if adv-FORD does
not halt after the V-th application of the loop, then there must be an accessible
negative circuit. The algorithm can easily be modified to detect the existence
of negative circuitsin digraphsintime O (V|- |E|).

1.5.4 The Floyd Algorithm

Asinthe previoussubsection, assumewe aregivenafinitedigraph G(V,E) and
alengthfunctionl: E +— R.” Weshall assumethat there are no negativecircuits
in G. Our aim is to compute a complete distance table; that is, to compute the
distance 6(u,v), from vertex u to vertex v, for every (ordered) pair of u and v.

We shall assume that there are no parallel edges; if there is more than one
edge from u to v, then we can remove them all, except for one of the shortest.
Self-loops are also superfluous, but we shall allow them, and as we shall see,
the algorithm can be used to check if there are negative circuits, including the
case of negative self-loops.

If all edgeswere of nonnegative lengths, we could have used Dijkstra’s algo-
rithm from every vertex, and the complexity, in the simple implementation,
would have been O(|V|3). If there are negative edges, however, this cannot
be done. If we use Ford’s agorithm from every vertex, the complexity is
O(|V|?-[E|), and for dense graphs, that can take Q(|V|*) time.

Floyd’sagorithm, [9], presented bell ow, achievesthegoal intime complexity
O(IVP).

Let usassumethat V={1, 2, ..., n} and for every 0 < k < n let 6% be an
n x n matrix.® 6¥(i,j) stands for the length of a shortest path from vertex i to
vertex j, among all paths which do not go throughverticesk+1, k+2, ..., n
asintermediate vertices.

The Floyd agorithmis described in Algorithm 1.6.

It iseasy to seethat thetime complexity of the Floyd algorithmis O (n®); there
aren applicationsof theouter loop (Lines9-11), andin each of itsapplications,
there are n? applications of Line 11.

The proof of validity is also easy, by induction on k. A shortest path from i
to j, among paths that do not go through vertices higher than k, either does not

7 R denotes the set of real numbers.
8 We will show that only one matrix is necessary, but for didactic reasons, let us start with n + 1
matrices.
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Procedure FLOYD(G(V,E),1;0™)

1 foreveryl<i<mdo

2 ifthereisaself—loopiiwandl(e) < 0 then do

3 5%(1,1) « 1(e)

4 else 89(1,i) «+ 0O

5 forevery 1<i,j < suchthati#jdo

6 ifthereisan edgeiiu' then do

7 8°(1,7) < l(e)

8 else 8°(1,j) < oo

9  forevery k, starting with k = 1 and ending with k =n do
10 forevery 1 <1i,j <ndo

11 §%(1,j) « min{8*1(1,j), 8*1(i,k) + 8% 1(k,i)}

Algorithm 1.6: The Floyd algorithm.

go through vertex k, and is therefore equal to §%—1(i,j), or does go through k
and is therefore equal to 8% 1(i,k) + 8% 1(k,j).

However, the space complexity of the algorithm, as stated in Algorithm 1.6,
is Q(n?®), since there are n matrices of sizen x n each. It is easy to see that
thereis no need to keep previous matrices. Two matrices suffice: The previous
one and the one being computed. In fact, one matrix & will do, where some
of theentriesare asin §%~1; and some, asin §. (Observe that a shortest path
from i to k, or from k to j, never needs to go through k, since there are no
negativecircuits.) Thus, in fact, the space complexity can be reduced to O (n?),
by dropping the superscript indexes of o.

Finally, onecan use Floyd’salgorithm to check whether there are negativecir-
cuitsin thedigraph. Simply apply the algorithm, and in the end, check whether
thereisanifor which (1,1) < 0. If so, there is a negative circuit.

1.6 Problems

Problem 1.1 Provethat if aconnected (undirected) finite graph has exactly 2k
verticesof odd degree, then the set of edges can be partitioned into k paths such
that every edgeis used exactly once. Isthe condition of connectivity necessary
or can it be replaced by aweaker condition?
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Figure 1.6: A graph for Problem 1.4.

Problem 1.2 Let G(V,E) be an undirected finite circular Euler graph; that is,
G isconnected and for every v € V, d(v) iseven. A vertex s is called universal
if every application of TRACE(s, G), no matter how the edges are ordered in
the incidence lists, produces an Euler circuit.

Prove that s is universal if and only if s appears in every simple circuit
of G.°

Problem 1.3 Let G(V,E) beafinitedigraphsuchthatforeveryve V,din(v) =
dout(Vv). Also, assumethat the exitsfromv arelabeled 1, 2, ..., dout (V).
Consider atour in G, which starts at a given vertex s. Every time a vertex
v is visited, the next exit is chosen to leave, starting with exit number 1 and
continuing cyclically. However, the tour stopsif s is reached and al its exits
have been taken.
Prove that the tour stops and that every edge has been used at most once.”

Problem 1.4 A Hamilton path (circuit) isasimple path (circuit) inwhich every
vertex of the graph appears exactly once.
Prove that the graph shown in Figure 1.6 has no Hamilton path or circuit.

Problem 1.5 Provethat in every completely connected digraph (a digraphin
which every two vertices are connected by exactly one directed edge in one of
the two possible directions), there is always a directed Hamilton path. (Hint:
Prove by induction on the number of vertices.)

Problem 1.6 Provethat a directed Hamilton circuit of the de Bruijn digraph,
Ggn, coOrresponds to a directed Euler circuit of Gg 1. ISit true that G,
always has a directed Hamilton circuit?

9 See[10].
10 More about such tours and finding Euler circuits can be found in [11].
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Figure 1.7: A switch for Problem 1.7.

Problem 1.7 Inthefollowing, assumethat G(V, E) isafiniteundirected graph,
with no parallel edges and no self-loops.

(i) Describe an algorithm which attempts to find a Hamilton circuit in G by
working with apartial simple path. If the path cannot be extendedin either
direction, then try to close it into asimple circuit by the edge between its
endpoints, if it exists, or by a switch, as suggested by Figure 1.7, where
edges a and b are added and c is deleted. Once a circuit is formed, look
for an edge from one of its vertices to a new vertex, and open the circuit
to anow longer simple path, and so on.

(ii) Prove that if for every two vertices uw and v, d(u) + d(v) > n, where
n = |V, then the a gorithm never fails to produce a Hamilton circuit.

(iii) Deduce Dirac’s Theorem [12]: “If for every vertex v, d(v) > %, then G
has a Hamilton circuit.”

Problem 1.8 Describe an algorithm for finding the number of shortest paths
from s to t, after the BFS algorithm has been performed.

Problem 1.9 A digraphis called acyclic if there are no directed circuits.** Let
G(V,E) beafinite acyclic digraph. A bijectionf: V — {1, 2, ..., n}, where
n = V|, iscaled aropological sorting if for every edgeu — v, f(u) < f(v).
Consider the procedure described in Algorithm 1.7. A queue Q of verticesis
used, which isinitially empty.
Provethat thisisan algorithm, that it computes atopological sorting and that
its time complexity is O(|V|+ |E|).

Problem 1.10 Show that the Dijkstra algorithm is not applicable if there are
negative edges, even if the digraph is acyclic.

11 Sometimes called DAG, for directed acyclic graph.
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Procedure TOPO.SORT(G;f)

1  foreveryv eV computedin (v)

2  foreveryveVdo

3 if din(v) =0then putvin Q

4 i+1

5 while Q #0 do

6 remove the first vertex u from Q
7 flu) <1

8 i—i+1

9 for every edgeu — v do

10 din (V) — din (V) -1

11 if din(v) =0then putvin Q

Algorithm 1.7: Topological sorting.

Problem 1.11 IntheDijkstraa gorithm, assumethe sequenceof verticeswhich
joinP,inthisorder,iss =vi, vo, .... Provethat the sequenceA(vy), A(v2), ...
is nondecreasing.

Problem 1.12 AssumeG(V,E) isafinitedigraph,1: E — R alengthfunction,
and assume the length of every directed circuit is positive. Also, assumes € V
isthe source, V' isthe set of verticesaccessiblefrom, s and5: V/ — R isthe
distance function.

We want to compute the functionv: V'’ — Z, where v(v) is the number of
shortest paths from s to v.

(i) Let H(V’,E’) be a subgraph of G, where E’ is the set of edgesu £y
such that 5(v) = d(u) + 1(e). Provethat H is acyclic.

(ii) Show how a modification of the topological sorting algorithm, applied to
H, can compute v. What is the complexity of this agorithm?

Problem 1.13 Prove that a connected undirected graph G is orientable (by
giving each edge some direction) into astrongly connected digraph if and only
if each edge of G isin somesimplecircuitin G.

Problem 1.14 Provethat if thedigraph G(V,E), with edgelengthsl: E — R,
has a negative circuit, then there is a vertex i on this circuit such that in the
matrix 6 computed by Floyd’s algorithm, 5(1,1) < O.



26 1 Paths in Graphs

Procedure WARSHALL (G(V,E);T)

1 foreveryl<i,j<ndo

2 ifthereisan edgei — j in G then do

3 T,j)«1

4 else T(1,j) «+ 0

5  foreveryk, starting with k = 1 and ending with k =n do
6 forevery 1 <1i,j <ndo

7 T(i,5) « max{T(i,j), T(i,k)-T(k,j)}

Algorithm 1.8: The Warshall algorithm.

Problem 1.15 Therransitive closure of adigraph G(V,E) isadigraph T(V,ET)
suchthat thereisanedgeu — vin Et if and only if thereisanonempty directed
path fromwtovin G.

Show how BFS can be used to construct T intime O(|V/| - |EJ).

Problem 1.16 This problem is about Warshall’s agorithm [13] for the
computation of the transitive closure.

Given adigraph G(V,E), where V ={1, 2, ..., n}, we want to compute an
n x n matrix T, such that

T(i,j) = 1 if thereisanonempty directed pathin G fromitoj
771 0 otherwise

Warshall’s algorithm is described in Algorithm 1.8.

(i) What is the complexity of Warshall’s agorithm? Compare it with the
repeated BFS above.

(ii) Prove the validity of Warshall’s algorithm. (Hint of one possible proof:
Consider a(simple) pathfromi toj and theorder in which theintermediate
verticeson it are processed in the loop of Lines5-7.)

(iii) Show that there is a close relationship between Floyd’s algorithm and
Warshall’s: 6(i,j) isfiniteif and only if T(1,j) = 1.

Problem 1.17 This problem is about Dantzig’s algorithm [14] for computing
al distancesin afinite digraph, like Floyd’s agorithm.
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Procedure Dantzig(G(V,E),1;6™)

forevery 1< 1i,j,k<ndo
8%(1,j) ¢ o0
51(1,1) +1(1,1)
for every k, starting with k = 2 and ending with k =n do
forevery 1l <i<kdo
§%(1,k) « minigj <, {8%1(1,j) + 1G5, k)}
8% (k,1) « mimgj<i{l(k,j) + 8% 1(5,1)}
forevery1<1i,j <kdo
8%(1,3) < min{8*~1(1,j), 8%(i,k) + 6% (k,j)}

O© O ~NO UL WDNPR

Algorithm 1.9: The Dantzig algorithm.

For 1<1i,j <k<m,letd*(i,j) denotethelength of ashortest path fromi to
j among paths that do not use vertices higher than k. The algorithm computes
5%(1,j) for al i, j and k.

Set 1(i,j) asfollows:

L(e) ifi;«éjandthereisanedgeiﬁj

i) = 00 if i£j and thereisno edgei — j
' min{0, 1(e)} if i=j andthereisan edgei -+ i

0 if i=j andthereisnoedgei — i

The Dantzig algorithm is described in Algorithm 1.9.

(i) Show that Dantzig’s algorithmisvalid.
(ii) How can negative circuits be detected?
(iii) What is the time complexity of this agorithm?
(iv) What is the space complexity of the algorithm? Can it be reduced?

Problem 1.18 Describean algorithmwhoseinputisafinite, strongly connected
digraph G(V,E), and it determines whether there is a directed circuit whose
length (in terms of the number of edgesinit) is odd. The algorithm should be
of time complexity O(|E|). (Hint: Does the fact that for some pair of vertices,
a and b, there are two directed pathsfrom a to b, one of odd length and one of
even length, imply the existence of an odd circuit?)
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Problem 1.19 Let an undirected connected finite graph G(V,E) be the road
map of acountry, where each edge representsaroad, and each vertex represents
an intersection. Let h: E +— R be a function such that h(e) specifies the
maximum height of vehicles allowed on the road represented by e. Also, let
¢ € V be aspecified vertex (such as the capital of the country).

Write an algorithm that, when given the data above, computesfor each vertex
v the maximum height of vehicleswhich can travel from c to v.

M ake sure the time complexity of your algorithmis O(|V/?).

(Hint: A proper modification of Dijkstra’s algorithm can solve the problem.)

(1]
(2

(3]
(4
(5]

(6]
(7
(8]
(9
(10]
(11]
(12]
[13]

(14]
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Trees

2.1 Tree Definitions

Let G(V,E) bean undirected, finite, or infinite graph. We say that G iscircuit-
freeif there are no simplecircuitsin G. G iscalled atreeif it is connected and
circuit-free.

Theorem 2.1 The following four conditions are equivalent:

(@) Gisatree.

(b) G is circuit-free, but if any new edge is added to G, a simple circuit is
formed.

(c) G has no self-loops, and for every two vertices, there is a unique simple
path connecting them.

(d) G is connected, but if any edge is deleted, the connectivity of G is
interrupted.

Proof: We shall provethat (a) = (b) = (c) = (d) = (a).

() = (b): We assume that G is connected and circuit-free. Let a -~ b be
anew edge. If a = b then e forms a self-loop, and therefore a simple circuit
exists. If a # b, thereisasimplepathin G (without e) connecting a and b. The
addition of e createsasimple circuit.

(b) = (c): We assumethat G is circuit-free and that no edge can be added to
G without creating asimple circuit. Clearly, G has no self-loops.

Let a and b be any two vertices of G. If there is no path connecting them,
then we can add an edge between a and b without creating a simple circuit.
Thus, G must be connected.

Moreover, if there are two simple paths, P and P’, connecting a and b, then
there must be asimple circuit in G. To see that, assume that

e e e
P:a=vog—2v;—2v,---vi_1—Lv =Db,

29
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and
!

!/ !
P':a :v(’)&vi&vé---v{_liv{/ =b

Since both paths are simple, one cannot be the beginning of the other. Let i be

thefirst index for which e; # e]. That is, thetwo pathssplitat vi_1 =v]_;.Let

v be the first vertex on P, after the split, which is also on P’. Thus, for some

j,k =1, v=v; =v;. The subpath of P, between v;_; and v;, and the subpath

of P/, betweenv{_, andv‘y, form asimple circuit.

(c) = (d): We assumethat G hasno self-loopsand that for every two vertices,
there is aunique simple path connecting them. Thus, G is connected.

Assume now that we delete an edge a £ b from G. Since G has no self-
loops, a # b. If thereis still a(smple) pathin (V,E\{e}) connecting a and b,
thenin (V,E), there are two simple paths connecting a and b. A contradiction.

(d) = (a): We assume that G is connected and that no edge can be deleted
without interrupting the connectivity.

If G has a simple circuit, any edge on this circuit can be deleted without
interrupting the connectivity. Thus, G is circuit-free. [ |

There aretwo, more common waysto define afinitetree. These are presented
in the following theorem:

Theorem 2.2 Let G(V,E) be a finite graph and n = |V/|. The following three
conditions are equivalent:

(&) Gisatree
(b) Giscircuit-freeand |E|=n— 1.
(c) Gisconnectedand [E|=n—1.

Proof: Forn =1thetheoremistrivia. Assumen > 2. We shall provethat (a)
= (b) = (c) = ().

(8 = (b): Let us prove, by induction on n, that if G(V,E) is atree, then
|E| = n— 1. This statement clearly holds for n = 1. Assume that it is true for
all n <m, andlet G beatree with m vertices.

Delete from G any edge e. By condition (d) of Theorem 2.1, the resulting
graphis not connected any more, and has two digoint connected components.
Each of these componentsiscircuit-freeand isthereforeatree. By theinductive
hypothesis, each component has one edgelessthan itsnumber of vertices. Thus,
together they have m — 2 edges. Add e back, and the number of edgesism — 1.

(b) = (c): We assumethat G iscircuit-free and hasn — 1 edges. Let us first
show that G has at least two vertices of degree 1.
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Choose any edge u £ v; there is at least one edge, since the number of
edgesisn—1andn > 2. Also, u#v since G iscircuit-free. Asin the TRACE
procedure, walk on new edges, starting from w.. Since the number of edgesis
finite, this walk must end, say, at vertex t;. Also, the traced path is simple,
or asimple circuit would have been formed. Thus, d(t;) = 1. A similar walk,
starting from v, yields another vertex, t», and d(t2) = 1, aswell. Thus, there
aretwo vertices of degree 1.

Now, the proof that G is connected proceeds by induction on the number of
vertices, n. Obvioudy, the statement holds for n = 1. Assume that it holds for
n=m-—1, andlet G beacircuit-free graph with m verticesand m — 1 edges.
Eliminate from G a vertex v of degree 1 and its incident edge. The resulting
graphistill circuit-free and has m — 1 verticesand m — 2 edges. Thus, by the
inductive hypothesisit is connected. Therefore, G is connected, as well.

(c) = (a): Assumethat G is connected and hasn — 1 edges. Aslong as G
has simple circuits, we can eliminate edges (without eliminating vertices) and
maintain the connectivity. When this process terminates, the resulting graph is
atree, and, by (a) = (b), it hasn — 1 edges. This, however, is the number of
edges we started with. Thus, no edge has been eliminated, and therefore G is
circuit-free.

|

Let uscall avertex whosedegreeis 1, aleaf. A corollary of Theorem 2.2 and
the statement proved in the (b) = (c) part of its proof is the following:

Corollary 2.1 A finite tree with more than one vertex has at least two leaves.

2.2 Minimum Spanning Tree
A graph G'(V',E’) is called a subgraph of a graph G(V,E), if V' C V and
E'cE!

Assume G(V, E) isafinite, connected (undirected) graph and each edgee € E
hasaknownlengthl(e) > 0. Assumethat we want to find aconnected subgraph
G'(V,t’), whosetotal length, > .. l(e), isminimum,; or, in other words, we
want to remove from G a subset of edges whose total length is maximum, and
yet, the resulting subgraph remains connected. Such a subgraph is a tree. For
G’ is assumed to be connected, and since its total length is minimum, none of
its edges can be removed without destroying its connectivity. By Theorem 2.1
(seepart (d)) G’ isatree. A subgraph of G that containsall of its vertices and

1 Note that an arbitrary choiceof V/ € V and E’/ C E may not yield a subgraph, simply
because it may not be a graph; that is, some of the endpoints of edgesin E/ may not bein V’.
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Procedure PRIM (G, ;T)

for everyv € V do
Av) < o0
chooseavertex s € V
Als) «0
e(s) 0
TEMP <V
T«0
while TEMP # () do
choose avertex v € TEMP for which A(v) isminimum
TEMP «+ TEMP\ {v}
T« TUe(v)
for everyv—-u do
if ue TEMP and A(u) > 1(e) then do
Alu) +1(e)
e(u) «+{e}

O© oo ~NOOULPh,WNPR
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Algorithm 2.1: The Prim agorithm.

isatreeis called a spanning tree of G. Thus, our problem is that of finding a
minimum (length) spanning tree (MST) of G.

There are several known algorithms for constructing an MST. We describe
herethePrimalgorithm[1]. Additional a gorithmsarediscussed intheproblems
section in the end of the chapter.

The Prim agorithm is described in Algorithm 2.1.

In the following discussion, we shall use T to denote a subgraph of G, which
isatree, and the set of edgesin thistree. TEMP denotes the set of vertices, not
yetinT.

The idea of the algorithm is to “grow” T, by starting with a tree with one
vertex, s, and in each step adding a new leaf, v, to T, until al vertices have
joined it. Thus, v is chosen in such away that the edge connectingitto T (the
single edgein the set ¢(v)) is of minimum length among edges which connect
avertex of T to avertex of TEMP.

2 The structure of the algorithm is similar to that of Dijkstra, but historically, Prim’s algorithm
precedes it.
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When anew vertex, v, joins T, al itsincident edges, v —£ 1 are checked. If
u isnot avertex of T yet (thisis equivalent to the fact that u € TEMP), and if
L(e) is shorter than the presently known shortest edge (if any) that connects u
to avertex of T, then the value of A(u) isupdated to be l(e), and theedge e is
recorded in (the set) e(u).

Since G is connected, when PRIM halts, the set of edgesin T congtitutes a
spanning tree. The complexity of the algorithm is similar to that of Dijkstra’s
algorithm; see Section 1.5.2.

Before we discuss the validity of the algorithm, let us define the concept of a
cut.

LetSc VandS=V\S. Thecut (S;S) isthe set of edgeswith one endpoint
in S and the other in S.

Theorem 2.3 Thetree T produced by Prim’salgorithmisa Minimum Spanning
Tree of G.

Proof: Let usprovethat for every T produced while the algorithm is running,
thereisan MST, T, ¢, Of G, suchthat T isasubgraph of T, .. Thisimpliesthat
the final T isan MST. The proof is by induction on v, the number of vertices
inT.

Initialy, v =1 and there are no edgesin T. Thus, the claim holds trivially.
Assume now that the claim holds for v < [V, and let us proveit for v + 1.

By theinductive hypothesis, thereisan MST, T, ¢, such that T isasubgraph
of Tope. If the newly added edge, e, issuch that e € T, ¢, then the claim holds
for TU{e} aswell, and we are done.

If e & Tope, consider the graph H(V, T, U{e}). By Theorem 2.1 part (b),
thereisasimplecircuit CinH. Also, let S betheset of verticesin T and consider
the cut (S;S) of G. There are at least two edges of C in (S;S). One of them is
e, and assume another ise’. Now consider the graph H'(V, (Top U{e}) \ {e'}).
Since an edge of asimplecircuit hasbeen removed, H' remains connected, and
the number of edgesis|V|— 1. By Theorem 2.2 part (c), H’ is a spanning tree.
By the choice of v, A(v) isminimum (among values of A for verticesin TEMP),
andtheedgee € ¢(v) satisfies1(e) =A(v) < 1(e’). Thus, thetotal length of H’
islessthan or equal to that of T, and is thereforean MST.

|

The analogous problem for digraphs, namely, that of finding a subset of the
edges E’ whose total length is minimum among those for which (V,E’) is
a strongly connected subgraph, is much harder. In fact, even the case where
l(e) = 1for all edgesishard. Thisisdiscussed in Chapter 10.
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Figure2.1: The spanning trees on three named vertices.

2.3 Cayley’s Theorem

In alater section we shall consider the question of the number of spanning trees
of a given graph. Here we consider the more restricted, and yet interesting,
problem of the number of trees one can construct on a given set of vertices,
V={12 ...,n.

For n = 2, thereis only onetree that one can construct, consisting of an edge
between the two vertices. For n = 3, there are three possible trees, as shown
in Figure 2.1. The reader can verify, by exhausting all cases, that for n = 4 the
number of treesis 16. The following theorem is due to Cayley [3]. Warning:
We shall usetheintegers1, 2, ..., ninthreedifferent meanings. As names of
vertices, asintegers, and as letters of an aphabet.

Theorem 2.4 The number of spanning trees for n distinct verticesisn™ 2.

Theremainder of this section describesaproof dueto Priifer [4]. (For asurvey
of various proofs see Moon [5].)

Assume V ={1, 2, ..., n}. Let us display a hijection between the set of
the spanning trees and the n™~2 words of length n — 2 over the alphabet
{1, 2, ..., n}. Themapping from the set of spanning treesto the corresponding
set of words is defined by an algorithm which is described in Algorithm 2.2.

For example, assume that n =6 and T is as shown in Figure 2.2. We now
apply TREEtoWORD. We start with the given T and an empty template for
aword w of 4 letters. Thisis depicted in the first line of Figure 2.3. T has 3
leaves, and vertex 2 has the least name. Therefore, vertex 2 and its incident
edge, 2— 4, are removed. The first letter in the word w is 4, as shown in the
second line of Figure 2.3. The next leaf to be removed is 3, and a; = 1, and
so on. After four steps, the tree consists of two vertices (4 and 6) and an edge
between them, whilew = 4164.

By Corallary 2.1, Line (2) of TREEtoWORD algorithm can always be per-
formed. Note that when aleaf isremoved, the remaining graph is still atree. It
followsthat for every tree of n vertices, aword w of lengthn— 2 is produced.
Since algorithm TREEtoWORD is deterministic, it defines a mapping f from
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Procedure TREEtoWORD (T(V,E);w = a1a2- - an_>2)

for every i starting with 1 and ending withn— 2 do
choose aleaf v whose name is minimum among the leaves of T
let v -5 beitsincident edge
ap<u
removee andv from T

a b~ wNBE

Algorithm 2.2: The TREEtoWORD agorithm. Mapping a spanning
tree T toaword w.

Figure2.2: T: Anexample of aspanning tree with six vertices.

treesto words. It remainsto be shown that no word is produced by two different
trees, and that for every word w thereisatree T such that f(T) =w.

Notice that TREEtoWORD is insensitive to the nature of the set of vertices,
V, of T, aslong as the names of the vertices are distinct and an order is defined
on these names. We shall assume that V is a set of integers, not necessarily
{1, 2, ..., n}

Lemma 2.1 IfinT avertexv hasadegree d(v), theninw = f(T) theletter v
appears d(v) — 1 times.

Proof: When each of the edgesincident onv are removed, except the last one,
onewritestheletter vinw. Thus, v appearsd(v) — 1 timesin w. Thelast edge
may not be removed at all, if v is one of the two vertices which remain when
TREEtoWORD halts. And if v’s last edge is removed, then v is the removed
leaf, and its neighbor, not v, iswritten in w. ]

Lemma 2.2 For every word w = ajaz--- a2 over an alphabet V, where
|[V| =n, thereisa uniquetree T whose verticesare V and f(T) =w.
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Figure 2.3: Applying TREEtoWORD to the the exampletree T.

Proof: Byinductiononn > 2. Forn =2, wistheempty wordandif V ={u, v},
thereis only one tree whose set of verticesis V. TREEtoWORD does nothing
(leaving T intact, and w empty).

Now assume the claim holds for n — 1 and let us prove it for n. Let w =
aiaz---an_» beaword over an aphabet V, where |[V| =n.

Since the alphabet has n letters, while there are n — 2 appearances of letters
inw, there are at least two letters missing from w. Let v be the least letter that
does not appear in w. Now consider the word w’ = azaz---an_2, with the
alphabet V' =V \ {v}. By the inductive hypothesis, there is a unique tree T’
whose set of verticesis V', such that f(T’) =w’. Noticethat a; appearsinw,
and therefore a; #v, andthusa; € V.

By Lemma 2.1, the set of leaves of T’ is equal to the set of elements of V'
that do not appear aslettersinw’. Thus, v islessthan every leaf of T/, with the
possible exception of a;.

Now define T to be the tree of n verticesthat results from T’ by adding to it
the vertex v and an edge connecting v to a;. Clearly T isatree, and a; isnot a
leaf of T, eveniif it hasbeen aleaf of T'. It followsthat v isthe least leaf of T.
Thus, if one applies TREEtoOWORD to T, the first letter assigned to the word
TREEtoWORD buildsis indeed a;, v and its incident edge are removed, and
thetree on which TREEtoWORD continuesis T’. By the inductive hypothesis,
T’ isthe unique tree that producesw’. We concludethat f(T) = w.
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Sincev istheleast letter missing fromw, and since a; isthe first letter of w,
every tree that produces w must have an edgev— a;. Thus, T is the unique
tree that produces w.

[ |

2.4 Directed Tree Definitions

A digraph G(V,E) issaid to have aroot r if r € V and every vertex v e V' is
reachable fromr; that is, thereis adirected path that startsin r and endsinv.

A digraph (finite or infinite) is called a directed tree if it has a root and its
underlying undirected graph is atree.

Theorem 2.5 Assume G is a digraph. The following five conditions are
equivalent:

(a) Gisadirected tree.

(b) G hasaroot fromwhich thereisa unique directed path to every vertex.

(¢) Ghasarootrforwhichdi,(r) =0, andfor everyother vertexv, di,, (v)=L1.

(d) G hasaroot and the deletion of any edge (but no vertices) interrupts this
condition.

(e) The underlying undirected graph of G is connected and G has one vertex
r for which di,, (r) = 0, while for every other vertexv, di,, (v) = 1.

Proof: We provethat (a) = (b) = (¢c) = (d) = (€) = (a).

(a) = (b): We assume that G hasaroot, say r, and its underlying undirected
graph G’ isatree. Thus, by Theorem 2.1 part (c), there is a unique simple path
fromr to every vertexin G’. Also, G’ iscircuit-free. Thus, adirected path from
rto avertex v, in G, must be simple and unique.

(b) = (c): Here, we assume that G has a root, say r, and a unique directed
path from it to every vertex v. First, let us show that d;,, (1) = 0.

Assume thereis an edge u %, r. Thereiis a directed path from r to u, and
it can be continued, via e, back to r. Thus, in addition to the empty path from
T to itself (containing no edges), thereis one more path, in contradiction to the
assumption of the path uniqueness.

Now, we haveto show that if v # v, then di,, (v) = 1. Clearly, di,, (v) > 0, for
it must be reachable from r. If di, (v) > 1, then there are at least two edges,

say, vi ﬁ> v and vy 3 v. Since thereis adirected path, P4, from r tovy, and
adirected path, P,, from r to v,, by adding e; to P1 and e; to P,, we get two
different directed paths from r to v, contradicting the uniqueness assumption.
(Notethat the two paths are different, even if vi =v5.)
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(c) = (d): Thisproof istrivial, for the del etion of any edgeu €, vwill make
v unreachable from .

(d) = (e): We assume that G has aroot, say r, and the deletion of any edge
interrupts this condition.

Clearly, di (1) = 0, for any edge entering v can be deleted without inter-
rupting the condition that r isaroot. Also, if v £, then di, (v) > 0, sincev is

reachablefromr. If din (v) >1,letvy L vand V2 £2. betwo edgesentering
v. Let P beasmpledirected path from r to v. At least one of the edgese; and
ez isnot used in P. This edge can be deleted without interrupting the fact that
risaroot. Thus, din (v) = 1.

(e) = (a): We assume that the underlying undirected graph of G, G/, is
connected, din (r) =0, and for v #£ 1, din (v) = 1. First let us provethat r isa
root of G.

Let P’ be a simple (undirected) path connecting r and v in G’. This must
correspond to adirected path, P, fromr tov in G, for if any of the edges points
in the wrong direction, it would imply either that di,, (r) > O or that for some
u, din(u) > 1.

Now, assume G’ hasasimplecircuit, C’. In G, all corresponding edges must
bedirected inthe samecircular direction, or therewould be avertex v for which
din(v) > 2. Thus, T is not one of the vertices of C, the directed circuit of G
which corresponds to C’. Now, let P be a shortest directed path from r to a
vertex of C, say itisu. Then, di» (1) must beat least 2. A contradiction. Thus,
G’ iscircuit-free, and is therefore an undirected tree.

[ |

In case of finite digraphs one more useful definition of a directed tree is
possible:

Theorem 2.6 A finite digraph G(V,E) is a directed tree if and only if its
underlying undirected graph, G’, is circuit-free, one of its vertices, r, satisfies
din (1) =0, and for all other verticesv, din(v) = 1.

Proof: The“only if” part followsdirectly from the definition of adirected tree
and Theorem 2.5 part (c).

To prove the “if” part we first observe that the number of edgesis [V|— 1.
Thus, by Theorem 2.2, (b) = (c), G’ is connected. Thus, by Theorem 2.5, (€)
= (@), G isadirected tree.

|
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Figure 2.4: An example of an infinite arbitrated digraph with no root.

Let us say that adigraphis arbitrated (Berge [6] callsit quas strongly con-
nected) if for every two vertices, vi and vy, thereisavertex v called an arbiter
of v1 and vy, such that there are directed paths from v to v; and from v to v.
Thereareinfinitedigraphswhich arearbitrated but do not havearoot. For exam-
ple, see the digraph of Figure 2.4. However, for finite digraphs the following
theorem holds:

Theorem 2.7 If a finite digraphis arbitrated then it hasa root.

Proof: Let G(V,E) be afinite arbitrated digraph, where V ={1, 2, ..., n}.
Let us prove, by induction, that every set {1, 2, ..., m}, wherem < n, hasan
arbiter; i.e., avertex a,, such that every 1 < i < m isreachablefrom a,. By
definition, a, exists. Assume a,,,_1 exists. Let a,,,, bethe arbiter of a,,,—1 and
m. Since a1 is reachable from a,,,, and every 1 < i< m — 1 isreachable
froma,_1, every 1 <i<m—1isasoreachablefrom a,,. [ |

Thus, for finite digraphs, the condition that it has a root, as in Theorem 2.5
parts (a), (b), (c), and (d), can be replaced by it being arbitrated.

2.5 The Infinity Lemma
Thefollowing is known as Kénig’s Infinity Lemma[7]:

Theorem 2.8 If G isan infinite digraph with a root r, and every vertex has a
finite out-degree, then G has an infinite directed path startingin r.

Before we present our proof, et us point out the necessity of the finiteness of
the out-degrees of the vertices. For, if we allow asingle vertex to be of infinite
out-degree, the conclusion does not follow. Consider the digraph of Figure 2.5.
Theroot r isconnected to verticesvi, v2, v3, ..., wherevk isthe second vertex
on a directed path of length k. It is clear this directed tree is infinite, and yet
it has no infinite path. Furthermore, the replacement of the condition of finite
degrees by the condition that for every k, the tree has a path of length k, does
not work either, as the same example shows.
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Figure 2.5: An example of an infinite digraph with no infinite path.

Proof: ° Firgt, let usrestrict our attentionto adirectedtree T whichisaninfinite
subgraphof G. T’srootisr. All verticesof distance 1 away fromrin G areaso
of distance 1 away from r in T. In general, if avertex v is of distance 6 away
fromrin G, itisaso of distance 6 away fromrinT; al theedgesenteringv in
G are now dropped, except one which connects a vertex of distance 6 —1tov.
Itissufficient to show that in T thereisan infinite directed path from r. Clearly,
since T isasubgraph of G, al its vertices are of finite out-degreestoo.

InT, r hasinfinitely many descendants (verticesreachablefromr). Sincer is
of finite out-degree, at least one of its sons (the verticesreachableviaone edge),
say r1, must have infinitely many descendants. One of r1’s sons has infinitely
many descendants, too, and so we continueto construct an infinite directed path
T, T1, T2, ... [ |

Despite the seeming simplicity of the theorem, it is useful. For example,
imagine we conduct a search on a directed tree of finite degrees (but it is not
known that there is a bound on the degrees). If it is known that the tree has no
infinite directed path, then the theorem assures us that the tree is finite and our
search will terminate.

An interesting application of Theorem 2.8 was made by Wang [8]. Consider
the problem of tiling the plane with sguare tiles, all of the same size (Wang
calsthetiles “dominoes’). Thereis a finite number of tile families. The sides
of thetiles arelabeled by letters of an alphabet, and all tiles of onefamily have
the same labelsand are indistinguishable. Tiles may not be rotated or reflected,
and the labels are specified for their north side, south side, and so on. There

3 We use a naive approach to set theory and thus ignore the applications of the axiom of choice.



2.5 Thelnfinity Lemma 41

a c d c
b a a a a b b b

c a d a

Figure2.6: A set of families of tiles.

[+ d a

Figure 2.7: A torus constructed from the tile families depicted in Figure 2.6.

is an infinite supply of tiles of each family. Tiles may abut one another if the
joining sides havethe samelabels. For example, if thetilefamiliesare as shown
in Figure 2.6, then we can construct the “torus,” as shown in Figure 2.7. Now,
by repeating thistorusinfinitely many times horizontally and vertically, we can
tile the whole plane.

Wang proved that if it is possible to tile the upper right quadrant of the plane
with agivenfiniteset of t tilefamilies, thenit ispossibleto tilethewhole plane.
Thereader should realizethat asouthwest shift of the upper-right tiled quadrant
cannot be used to cover the whole plane. In fact, if the number of tile familiesis
not restricted to be finite, one can find sets of familiesfor which the upper-right
quadrant is tileable, whereas the whole plane is not. (See Problem 2.14.)

Consider the following directed tree T: The root r is connected to vertices,
each representing atile family, that is, a1 x 1 square, tiled with the tile of that
family. Thus, the out-degreeof r ist. For every k > 1 and every legitimate way
of tiling a (2k + 1) x (2k + 1) square, there is a vertex in T; its father is the
vertex which representsthetiling of a (2k — 1) x (2k — 1) square, identical to
the center part of thetiled square represented by the son.

Now, if the upper-right quadrantistilable, then T hasinfinitely many vertices.
However, avertex representing a certain tiling of a (2k — 1) x (2k — 1) square
has at most t8 sons. Since the out-degree of each vertex is finite (although it
may not be bounded), Theorem 2.8 impliesthat thereisan infinite directed path
in T. Such a path describes away to tile the whole plane.
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2.6 Problems

Problem 2.1 Let T;(V,E;) and T>(V,E2) be two spanning trees of G(V,E).
Provethat for every oc € E1 \ Ex thereisap € E» \ E1 such that each of the sets

(B2 \{a}) U{B}

(E2\{B}) U{a}

defines a spanning tree.

Problem 2.2 Let G(V,E) beafinite connectedgraphandl: E — R. Describe
an agorithm for finding a maximum length spanning tree of G; explain why it
isvalid and analyze its complexity.

Problem 2.3 Algorithm 2.3 describesthe Kruskal [2] algorithm for computing
an MST of afinite connected undirected graph G(V, E) with alength function
l: E— R. Theset of edgesin theresulting treeis T. Provethat the resulting T
isindeed an MST and analyze the complexity of the algorithm.

Problem 2.4 Describe an algorithm that is similar to Kruskal’s, but instead of
adding edges, from light to heavy, aslong asthey do not create asimplecircuit,
it deletes edges, from heavy to light, as long as connectivity is maintained.
Proveitsvalidity and analyze its complexity.

Problem 2.5 Let G(V,E) beafinite undirected graph, with alength function
l: E—~ R.Also, Tisan MST of G.

Procedure KRUSKAL (G(V,E),L;T)

1 sorttheset EintoE ={ey, ey, ..., ey}, SOthatif i <j, thenl(e;) <
L(e;)
T« 0
for i, starting with i = 1 and ending with i = |E| do
if (V,TU{ey}) iscircuit-freethen
T+ TuU{ei}

a b owN

Algorithm 2.3: The Kruskal algorithm.



2.6 Problems 43

A new edge, e, is added, of length 1(e). The following is a sketch of an
agorithm for mending the treeto bean M ST of the new graph: Adde to T. Let
e’ be an edge of maximum length in the simple circuit that forms. If e’ £ e,
then remove e’. Otherwise, leave T intact.

Prove the validity of this algorithm and compare its time complexity with
computing an MST anew.

Problem 2.6 Let G(V,E) be afinite undirected graph, with alength function
l: E—~R.Also, Tisan MST of G.

An edge e € E isremoved from G to form G’. The following is a sketch of
an algorithm for mending the tree to be an MST of G’: If e ¢ T, do nothing.
Otherwise, let S and S be the two sets of verticesin the two connected compo-
nentsof T\ {e}. If in G, the cut (S;S) = () then G’ hasno MST. Otherwise, let
e’ be of minimum lengthin (S;S). Thenew MST is (T \ {e}) U{e’}.

Prove the validity of this algorithm and compare its time complexity with
computing an MST anew.

Problem 2.7 Computethe number of treesthat can be built onn, givenlabeled
vertices with unlabeled edges, in such a way that one specified vertex is of
degreek.

Problem 2.8 Let V={1, 2, ..., n}andfor each 1 <i<n d(i) isapositive
integer. Provethat if

Y d(i)=2n-2
i=1

thenthereexistsatree T(V,E) inwhichfor every i, thedegreeof iisd(i). How
many such trees are there if the edges have no names?

Problem 2.9 What is the number of trees that one can build with n labeled
verticesand m = n — 1 labeled edges? Prove that the number of trees that can
bebuilt with m > 2 |abeled edges (and no labelson thevertices) is (m + 1) ™2,
Explain why the condition that m > 2 is necessary.*

Problem 2.10 A digraph which has no directed circuits is called a DAG
(directed acyclic graph). One wants an algorithm that checks whether a given
finite DAG, G(V,E), hasaroot.

One way to do thisis first to check that there is only one vertex r, such that
din(r) = 0, and then check if al vertices are reachable from r. Explain why
thisisvalid, and provethat the time complexity of such an algorithmis O(JE|).

4 This problem was inspired by an unpublished report of S. Golomb and A. Lempel, and a
comment made by A. Pnueli.
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Problem 2.11 Given a finite digraph G(V,E). Describe an algorithm which
runsin time O(]V|) and checks whether G isadirected tree.

Problem 2.12 Provethat, if G isan infinite undirected connected graph whose
vertices are of finite degrees, then every vertex of G isthe start vertex of some
simpleinfinite path.

Problem 2.13 Show that, if rotation or flipping of tiles is alowed, then the
question of tiling the plane becomestrivial.

Problem 2.14 Consider the following (infinite) set of tile families: For every
ordered pair of positiveintegers (i,j), thereisatile family with alabel i—1in
theWest, i inthe East, j — 1in the South, and j in the North. Provethat one can
tile the upper-right quadrant with this set of families, but not the whole plane.

Problem 2.15 Let T be an undirected tree with n vertices. We want to invest
O(n) time, labeling the graph in away that will allow oneto find a (minimum)
path between any two verticesthat areof distanceb apart, intime O (). Describe
both a preparatory algorithm and an algorithm for finding the path once thetwo
vertices are specified.

Problem 2.16 A clique is a simple undirected graph such that for every two
verticesthereis an edge connecting them. Let G(V,E) beacliqueand T(V,E’)
a spanning tree of G. Prove that the complement of T (= (V,E’)) is either
connected or consists of oneisolated vertex, while the remaining verticesform
aclique.

Problem 2.17 Let G(V,E) beanundirected finite connected graph, whereeach
edge e has agiven length 1(e) > 0 and s is a designated vertex. Also, let 5(v)
denote the distance from s to v.

(a) Explain why every vertex v # s, has an incident edge u —£ v, such that
d(v) =0d(u) +1(e).

(b) Show that if one such edgeis chosen for each vertex v £ s, then the set of
these edges forms a spanning tree of G.

(c) Show that such atreeis not necessarily an MST.
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3
Depth-First Search

3.1 DFSof Undirected Graphs

The depth-first search (DFS) technique is a method of scanning a finite,
undirected graph. Since the publication of the papers of Hopcroft and Tar-
jan[4, 6], DFS has been widely recognized as a powerful techniquefor solving
variousgraph problems. However, the algorithm hasbeen known sincethe nine-
teenth century as a technique for threading mazes. See, for example, Lucas’
report of Trémaux’s work [5]. Another algorithm, which was suggested later
by Tarry [7], isjust as good for threading mazes, and in fact, DFS is a special
case of it. But the additional structure of DFS is what makes the technique so
useful.

3.1.1 Trémaux’s Algorithm

Assumeoneisgivenafinite, connected graph G(V, E), whichwewill also refer
to as the maze. Starting in one of the vertices, one wants to “walk” along the
edges, from vertex to vertex, visit al vertices, and halt. We seek an algorithm
that will guarantee that the whole graph will be scanned without wandering
too long in the maze, and that the procedure will allow one to recognize when
the task is done. However, before one starts walking in the maze, one does not
know anything about itsstructure, and therefore, no preplanningispossible. So,
decisions about where to go next must be made one by one as one goes aong.

We will use “markers,” which will be placed in the maze to help one to
recognize that one has returned to a place visited earlier and to make later
decisionsonwhereto go next. Let usmark the passages, namely the connections
of the edges to vertices. If the graph is presented by incidence lists, then we
can think of each of an edge’s two appearancesin the incidence lists of itstwo
endpoints as its two passages. It suffices to use two types of markers:. F for the
first passage used to enter the vertex, and E for any other passage used to leave

46
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Procedure TREMAUX (G, s)

VS
while there is an unmarked passage in v or v has a passage marked F do
if thereis an unmarked passage to edge v £, thendo
mark the passage of e at v by E
if u has no marked passages then do
mark the passage of e at u by F
vVu
else mark the passage of e at u by E
else (thereis apassagein v marked F) do
use the passage marked F to move to the neighboring vertex w
v—u

O© oo ~NOOULPA~, WNPE

B
= O

Algorithm 3.1: The Trémaux algorithm.

Figure 3.1: An example of running Trémaux’s algorithm.

the vertex. No marker is ever erased or changed. There is no use of memory
other than the markers on the passages and the stage of the algorithm oneishas
reached; in other words, the moves are controlled by a finite state automaton.
Aswe shall provelater, the algorithm described in Algorithm 3.1 will terminate
intheoriginal starting vertex s, after scanning each edge oncein each direction.

L et usdemonstratethe algorithmon the graph shownin Figure 3.1. Theinitial
value of v, the place where we are situated, or the center of activity, iss. All
passagesare unlabel ed. We chooseone, mark it E and traversethe edge. Itsother
endpointis a (u= a). None of its passages are marked, therefore we mark the
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passage through which a has been entered by F, the new center of activity is
a (v=a), and we are back in Line 2. Since a has two unmarked passages,
assume that we choose the oneleading to b. The passage at a is marked E and
theoneat b ismarked F since b is hew, etc. The complete excursion is shown
in Figure 3.1 by the dashed line.

Lemma 3.1 Trémaux’s algorithm never allows an edge to be traversed twice
in the same direction.

Proof:* If apassageis used asto exit avertex and enter an edge), then either it
isbeing marked E in the process, and thus the edge is never traversed again in
this direction, or the passage is already marked F. It remains to be shown that
no passage marked F is ever reused for entering the edge.

Let u—5-v bethefirst edgeto be traversed twice in the same direction, from
u to v. The passage of e, at u, must be labeled F. Since s has no passages
marked F, u # s. Vertex u has been left d(u) + 1 times; once through each of
the passages marked E and twice through e. Thus, u must have been entered
d(u) + 1 times and some edge been used twice to enter u, before e isused for
the second time. A contradiction. [ |

An immediate corollary of Lemma 3.1 is that the process described by Tré-
maux’s algorithm will aways terminate. Clearly, it can only terminate in s,
since every other visited vertex has an F passage. Therefore, al we need to
proveisthat, upon termination, the whole graph has been scanned.

Lemma3.2 Upontermination of Trémaux’salgorithm, every edge of thegraph
has been traversed once in each direction.

Proof: Let usstate the proposition differently: For every vertex, all itsincident
edges have been traversed in both directions.

First, consider the start vertex s. Since the algorithm has terminated, al the
incident edges of s have been traversed from s outward. Thus, s has been left
d(s) times, and since we end up in s, it has also been entered d(s) times.
However, by Lemma 3.1 no edge is traversed more than once in the same
direction. Therefore, every edge incident to s has been traversed once in each
direction. Let S be the set of vertices for which the statement that each of their
incident edges has been traversed once in each direction holds. Since s € S,
S # 0. Assume V # S. By the connectivity of the graph there must be edges

1 Thefollowing terminology is used in the proof. A passage from anode u to an edge v £ uis
used as an exit if the algorithm exits v via the passage. In such a case, the passage is used to
enter the edge. (G.E.)
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connecting vertices of S with V'\ S. All these edges have been traversed once
in each direction. Let e be the first edge to be traversed from avertex v € S to
u € V\S. Clearly, the passage of e, at u, is marked F. Since this passage has
been entered, all other passages of u must have been marked E. Thus, each of
u’sincident edges has been traversed outward. The search has not started in u
and has not ended in . Therefore, u has been entered d(u) times, and each of
its incident edges has been traversed inward. A contradiction, since u belongs
inS. |

Observethat the loop (Lines 2-10) is applied at most once for every passage,
and thenumber of computational stepsin each application of theloopisbounded
by a constant. Thus, the time complexity is O(|E|).

3.1.2 The Hopcroft-Tarjan Version of DFS

The Hopcroft and Tarjan version of DFS is essentialy the same as Trémaux’s,
except that they number the vertices from 1 to n(=|V]) in the order in which
they are discovered. This is not necessary, as we have seen, for scanning the
graph, but the numbering is useful in applying the algorithm for more advanced
tasks. Let us denote the number assigned to vertex v by k(v). Also, instead of
marking passages, they mark edgesas “used,” and instead of usingthe F mark to
indicate the edge through which the vertex was discovered and through which
itisleft for the last time, let us record for each vertex v other than s the vertex
f(v) fromwhich v has been discovered. Then f(v) iscalled thefather of v; this
name will be justified later. DFSis described in Algorithm 3.2.

Since this algorithm is just a simple variation of the previous one, our proof
that the whole (connected) graph will be scanned, each edge once in each
direction, still applies. Here, inLine 11, if k(u) # 0, thenw isnot anew vertex,
and v, the center of activity, does not change. Thisis equivalent to the scanning
of e fromv tou and back to v, aswas donein Trémaux’sversion. Also, moving
our center of activity fromvto f(v) (Line 16) correspondsto traversing the edge
v— f(v), in this direction. Thus, the whole algorithm is of time complexity
O(IE|), namely, linear in the size of the graph.

Now that we have applied DFS to a finite and connected G(V,E), let us
consider the set of edges E’, consisting of all edges of the form f(v) — v
through which new vertices have been discovered. Also, direct each such edge
fromf(v) tov. Thedigraph (V,E’) iscalled the DFStree. Thisnameisjustified
by the following Lemma:

Lemma 3.3 Thedigraph (V,E’) defined aboveis a directed tree with root s.
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Procedure DFS(G(V, E), s:k(-),f(+))

1 for everye € E mark e “new”

2 foreveryueVdo

3 k(u)«0

4 f(u) « NIL

5 v¢&s

6 k(s)«1

7 i+2

8 whilev hasanew incident edge or f(v) # NIL do
9 if v has a new incident edge v - u then do
10 mark e “old”

11 if k(u) =0 (uisanew vertex) then do
12 f(u) v

13 k(uw) 1

14 i—i+1

15 viu

16 dsev« f(v)

Algorithm 3.2: DFS.

Proof: Since f(s) = NIL, din(s) = 0. For every other vertex v, di,, (v) = 1.
Now one can find a directed path

€1 €2
S=Vg—>V1—>V2 - V| =V

from s to any vertex v, where for every 1 <1i < 1, e; isthe directed edge from
f(vi) tovy, by starting fromv and tracing the path backwards. Sincefor every 1,
f(vi) was discovered before vy, the directed path is simple. Also, every vertex,
other than s, has a defined father, and therefore the only vertex in which this
backwards search can end is s.

By Theorem 2.5, Part (c), (V,E’) isadirected tree. [ |

Clearly, if one ignoresthe edge directions, (V,E’) isaspanning tree of G.

In a directed tree, vertex u is called an ancestor of v, and v is called a
descendant of wu if thereis a directed path fromu to v.

Thefollowing very useful lemmais due to Hopcroft and Tarjan [4, 6]:
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Lemma3.4 Let (V,E’) betheundirected version of a DFStree, T, of G(V, E).
If an edge a5 Dbisin E\E/, then either a is an ancestor of b or a isa
descendantof b inT.

Proof: Without loss of generality, assumethat k(a) < k(b). Inthe DFS algo-
rithm, the center of activity (v in the algorithm) moves only aong the edges of
thetree (V,E’). If b is not adescendant of a, and since a is discovered before
b, the center of activity must first move from a to some ancestor of a beforeit
moves up to b. However, we backtrack from a (in Line 16 of Algorithm 3.2)
only when al a’sincident edgesare “old.” Thismeansthat e is “old.” Thus, b
is already discovered. A contradiction. |

Let us cal the edges of the DFS tree tree edges, and all other edges of the
graph, back edges. Thejustificationfor thisnameisin Lemma3.4; every nontree
edge connects some vertex back to one of its ancestors.

Consider, asan example, the graph shownin Figure 3.2. We apply DFStothis
graph, startingwith s = ¢, and assumethat we discover verticesd, e, f, g, b, a,
inthisorder. Theresulting vertex numbers, tree edges, and back edgesare shown
in Figure 3.3, where the tree edges are shown as solid lines and are directed
fromlow to high, and the back edges are shown as dashed linesand are directed
from high to low. In both cases the direction of the edge indicates the direction
in which the edge was scanned first. For tree edges thisisthe defined direction,
and for back edges we can proveit as follows: Assume v —<- 1 is aback edge,
and u isan ancestor of v. The edge e could not have been scanned first from wu,
for if v was new at that time, then e would have been atree edge, and if v has
aready been discovered (after 1), then the center of activity could havebeenin
u only if we have backtracked from v, and this means that e has already been
scanned fromv.

Figure 3.2: A graph to which DFSis applied.
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Figure 3.3: The DFStree edges and back edges.

3.2 Algorithm for Nonsepar able Components

A connected graph G(V,E) is said to have a separation vertex v (sometimes
also called an articulation point) if there exist vertices a and b, distinct from
v, such that every path connecting a and b passes through v. In this case, we
also say that v separates a from b. A graph that has a separation vertex is called
separable, and one that has none is called nonseparable.

Let V/ C V. Theinduced subgraph G’(V',E’) is called a nonseparable com-
ponent if G’ is nonseparable, and if for every V' C V" C V the induced
subgraph G”(V”,E”) is separable. For example, in the graph shown in
Figure 3.2, the subsets {a,b}, {b,c,d} and {d,e,f, g} induce the nonsepara-
ble components of the graph. If agraph G(V, E) contains no separation vertex,
then clearly the whole G is a nonseparable component. However, if v is a
separation vertex, then V' \ {v} can be partitioned into {V1, V>, ..., Vi} such
that ViU VLU --- UV =V \{v}, and if i #j, then Vi N'V; = (. Also, two
vertices a and b are in the same V; if and only if there is a path connecting
them that does not include v. Thus, no nonseparable component can contain
vertices from more than one V;. We can next consider each of the subgraphs
induced by V; U{v} and continue to partition them into smaller parts, if they
are separable. Eventually, we end up with nonseparable parts. This shows that
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no two nonseparable components can share more than one vertex because each
such vertex isaseparating vertex. Also, every simplecircuit must lieentirely in
one nonseparable component. Now, let us discuss how DFS can help to detect
separating vertices.

Let the lowpoint of v, L(v), bethe least number, k(u), of avertex u that can
be reached from v by a, possible empty, directed path consisting of tree edges,
followed by at most one back edge. Clearly L(v) < k(v), for we can use the
empty path fromv to itself. Also, if anonempty path is used, then itslast edge
isaback edge, for adirected path of tree edges|eadsto vertices higher than v.

For example, in the graph of Figure 3.2, with the DFS as shown in Figure 3.3,
the lowpoints are as follows. L(a) =7, L(b) =L(c) =L(d) =1and L(e) =
L(f)=L(g) =2

Lemma 3.5 Let G be a graph whose vertices have been numbered by DFS. If
u— visatreeedge k(u) >1,andL(v) > k(u), thenu isa separating vertex
of G.

Proof: Let S be the set of vertices on the path from the root r (k(r) = 1)
to u, including r but not including u, and let T be the set of vertices on the
subtreerooted at v, including v (i.e., all descendantsof v, includingv itself). By
Lemma 3.4, there cannot be any edge connecting avertex of T with any vertex
of V\ (SuU{u}uT). Also, if thereis any edge connecting avertex t € T with
avertex s € S, then the edge t — s is a back edge and clearly k(s) < k(u).
Now, L(v) < k(s), since one can take the tree edges from v to t, followed by
t—s. Thus, L(v) < k(u), contradicting the hypothesis. Thus, u separatesthe
S verticesfromthe T verticesand is, therefore, a separating vertex. |

Lemma 3.6 Let G(V,E) be a graph whose vertices have been numbered by
DFS. If u is a separating vertex, and k(u) > 1, then there exists a tree edge
u — v suchthat L(v) > k(u).

Proof: Since u is a separating vertex, there is a partition of V '\ {u} into
Vi, Vo, ..., Vi, such that m > 2, and if 1 # j, then &l paths from a ver-
tex of V; to avertex of Vj, passthrough u. Since k(u) > 1, the the search has
not started in 1. Let usassumethat it startsin r, and w.l.o.g. r € V1. The center
of activity of the DFS must pass through u. Let w — v be the first tree edge
for whichv ¢ V. W.l.o.g. assumev € V. Since there are no edges connecting
verticesof V, with verticesof V'\ (VoU{u}), L(v) > k(u). |
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Lemma 3.7 Let G(V,E) be a graph whose vertices have been numbered by
DFS, starting with r (k(r) = 1). Vertex r is a separating vertex if and only if
there are at least two tree edges out of r.

Proof: Assume r is a separating vertex. Let Vi, Vs, ..., V. be a partition
of V\ {r} such that m > 2, and if 1 # j, then all paths from avertex of V; to a
vertex of Vj, passthrough. Therefore, no pathinthetreestarting withr — v,
v € V;, can lead to avertex of V; wherej # i. Thus, there are at least two tree
edges out of r.

Now, assumer —» v and r — v, are two tree edgesout of r. Let T be the
set of vertices in the subtree rooted at v1. By Lemma 3.4, there are no edges
connecting vertices of T with vertices of V \ (T U{r}). Thus, r separates T
from the rest of the graph, which is not empty, since it includes at least the
vertex vy. [ |

Let Cq1, Cy, ... ,Cy, bethe nonseparable components of a connected graph
G(V,E),andletsy, s, ... ,s, beitsseparating vertices. Let usdefine G(V, E),
the superstructure of G(V,E), asfollows:

\72{31, S$2, ..t ,SP}U{CL Co, ...,Cm},

E={si—C;|s; isavertex of Cj in G}.

By the observations we made in the beginning of the section, G is a tree. By
Corollary 2.1, if m > 1, then there must be at least two leavesin G. However,
the degree of a separating vertex s; in G is greater than 1. Thus, there are at
least two leaf componentsin G, each containing only one separating vertex.
By Lemma 3.2, the whole graph will be explored by the DFS. Now, assume
the search startsin avertex r that isnot aseparating vertex. Evenif it isin one of
the leaf components, eventually, we will enter another leaf component C, say,
viaits separating vertex s and an edge s —> v. By Lemma 3.6, L(v) > k(s),
andif L(v) isknownwhen we backtrack fromv to s, then by using Lemma 3.5,
we can detect that s is a separating vertex. Also, as far as the component C is
concerned, from the time C is entered vias — v until it is entirely explored,
we can think of the algorithm as running on C alone, with s as the starting
vertex. Thus, by Lemma 3.7, thereisonly onetree edgefrom s to other vertices
of C, and all other verticesof C are descendantsof v and are therefore explored
after v is discovered and before the backtrack from v to s. This suggests the
use of a stack (pushdown store) for producing the vertices of the component.
We store the vertices in the stack in the order that they are discovered. If on
backtracking from v to f(v), we discover that f(v) is a separating vertex, we
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read off all verticesfrom the top of the stack down to and including v. All these
vertices, plusf(v), (which is not removed at this point from the stack even if it
is the next on top) constitute a component. This, in effect, removes the leaf C
fromthetree G, and if its adjacent separating vertex s hasnow d(s) = 1, thenwe
may assume that it is removed too. The new superstructureis again atree, and
the same process will repeat itself, detecting and trimming one leaf at a time
until only one component is left when the DFS terminates.

If the search startsin a separating vertex r, then all but the components con-
taining r are detected and produced as before. All components that contain r,
except thelast one, are detected by Lemma 3.7: Each time we backtrack into ,
onr — v, if r ill hasadditional unexplored incident edges, then we conclude
that r is a separating vertex, and the vertices on the stack above, including v,
plusr, constitute a component.

Finally, when the search is about to end, since we are going to backtrack
to r, and r has no new incident edges, al vertices on the stack form the last
component, although no separating vertex is discovered at this point.

The remaining problem is that of computing L(v) in time; that is, its value
should be known by the time we backtrack from v. If v is a leaf of the DFS
tree, then L(v) isthe least element in the following set: {k(u) |[u=vorv—
uisaback edge}. Let usassign L(v) = k(v) immediately whenv isdiscovered,
and as each back edgev —uisexplored, let usassign L(v) = min{L(v), k(u)}.
Clearly, by thetimewe backtrack fromv, al the back edgeshave been explored,
and L(v) hastheright value. If visnot aleaf of theDFStree, then L (v) istheleast
element in the following set: {k(u) | u=v or v— u isaback edge} U{L(u) |
v — uisatree edge}. Whenwebacktrack fromv, we haveal ready backtracked
from all its sons earlier, and therefore already know their lowpoint. Thus, in
addition to what we do for atreeledf, it suffices to do the following: When we
backtrack fromwtov = f(u), weassign L(v) = min{L(v),L(u)}.

Putting together the ideas described above leads to the algorithm represented
in Algorithm 3.3. In this representation, L(-) is the lowpoint function, and
S isastack of vertices. The remaining variables are as in DFS. For the given
undirected, connected, and finitegraph G(V, E), [V| > 1, theagorithm produces
the set of separating verticesand alist of its nonseparable components, both of
which are assumed to beinitially empty. Notethat just beforethelast backtrack
into s, Lines 26-27 produce the last nonseparable component, which may be
theentire V if G has no separating vertices.

Although this algorithm is more complicated then the original DFS, itstime
complexity is still O(|E|). This follows easily from the fact that each edge is
still scanned exactly oncein each direction. The number of operations per edge
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28
29
30

Procedure NONSEPARABLE(G(V,E), s;set of separating vertices,
list of nonseparable components)

for every e € E mark e “new”
for everyu € V do
k(u)«0
f(u) « NIL
VS
k(s)«+1
i+ 2
vacate S
push s into S
while v hasa new incident edge or f(v) # NIL do
if v has a new incident edge v - u then do
mark e “old”
if k(u) =0 (uisanew vertex) then do
pushuinto S
f(u) v
k(u) 1
Llu)«1i
i—1i+1
v—u
else (uisold) do
L(v) < min{L(v),k(u)}
else (f(v) is defined)
if L(v) > k(f(v)) then do
if f(v) # s or s hasanew incident edge, then do
add f(v) to the set of separating vertices
pop verticesfrom S down to and including v
the set of popped vertices, with f(v), is an element
of the set of nonseparable components
else (L(v) < k(f(v))) then do
L(f(v)) ¢ min{L(f(v)),L(v)}
v+ f(v)

Algorithm 3.3: Using DFSto find the separating vertices and
nonseparable components.
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is bounded by a constant, except when anonseparable component is produced.
Each vertex is pushed into S once, and popped once. Thus, the total time to
produce the componentsis O[V/.

3.3 DFSon Directed Graphs

Running DFS on digraphsissimilar to runningit on undirected graphs. We start
scanning from a new vertex and will scan all vertices (and edges) that can be
reached from it via directed paths. A new scan is started from a new vertex, as
long as the previous search has |eft unscanned vertices. Thus, the fact that the
whole graph is scanned istrivial.

AssumingthegivenfinitedigraphisG(V,E), where|V|=n.Again, weassign
anumber k(u) to every vertex u, wherek: V—{1,2,...,n} isabijection. If
a vertex u is first discovered by scanning an edge v — u, then we assign
f(u) =v. Here, too, v denotes the center of activity.

The agorithm is described in Algorithm 3.4. It is easy to see that the time
complexity is O(|V|+ [E]).

Let us call avertex v ripeif al its outgoing edges are old and the center of
activity isat v. When v isripe, and if f(v) # NIL, then we backtrack to f(v).
Otherwise, we return to Line 6 in Algorithm 3.4.

Let usdenoteby T, the directed subtree whoseroot isu, and al verticesthat
arediscovered from thetimew is discovered to thetimewisripeareinit.” The
edgesof T,, areof theform f(w) LN w, whereboth f(w) andw arein T, and
w has been discovered viae.

Lemma3.8 If vertex w isnewwhen u isdiscovered, and if at that timethereis
a directed path from u to w such that all its intermediate vertices (and edges)
arenew, thenw isinT,.

Proof: By contradiction. Assumethat w isasin the premise of the Lemma, but
wisnotinT,.Let P beadirected path fromu tow such that al itsintermediate
vertices are new when u is discovered, and let b be the first vertex on P that
doesnot belongto T,,. Let a %, b bethe edgeon P that enters b.

Since a € Ty, and it eventually becomesripe, e must have been investigated,
asin Line 11 of Algorithm 3.4, and b has been discovered and belongsto T,,.
A contradiction. [ ]

2 Note that 1 is not necessarily aroot of a search in the sense that it may not have been picked in
Line 7, and may belong to some T, for v 7 .
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Procedure Directed-DFS(G(V, E), s:k(+), f(+))

1 for everye € E mark e “new”

2 foreveryueVdo

3 k(u)«0

4 f(u) « NIL

5 i+1

6 whilethereisavertex u for whichk(u) =0do

7 let v be such avertex

8 k(v) «1i

9 i—i+1

10 while v has a new outgoing edge or f(v) # NIL do
11 if v has a new outgoing edge v LN w, then do
12 mark e “old”

13 if k(w) =0 (uisanew vertex) then do
14 f(w) < v

15 k(w) +1

16 i—1i+1

17 Vi—w

18 dsev <« f(v)

Algorithm 3.4: DFS on adirected graph.

3.4 Strongly Connected Components of a Digraph

Let G(V,E) beafinitedigraph. Let us definethe relation ~, asubset of V x V,
in the following way: For x,y € V, x ~y if thereisadirected path from x toy
and also a directed path from y to x.

Therelation ~ is easily seen to be reflexive, symmetric, and transitive. Thus,
it is an equivalence relation. An equivalence class of this relation is called a
strongly connected component or, in short, a strong component, and if thereis
only one equivalence class, then G is said to be strongly connected.

The super-structure of G, G(V, E) isadigraph constructed as follows:

e Visthe set of strong componentsof V.
o f—'_:{XLYHhereexistsanedgex i>y in E suchthat x e Xandy € Y}.
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Observethat G is a DAG (directed acyclic graph). A strong component C is
called a source if there are no edges that enter C in G. A sink component is
similarly defined.

Givenadigraph G(V,E), our purposeisto describe an efficient algorithm for
finding its strong components. Thefirst linear-time algorithm that achieved this
goal was presented by Tarjan [6]. However, we present an algorithm attributed
to Kosaraju and Sharir [1], which is simpler to explain.®
The algorithm consists of three phases:

Phase 1: Run a DFS-A on G, in which vertices are numbered h: V —
{1,2, ... ,n}intheorder inwhichthey becomeripe. Thisisdescribed
in Algorithm 3.5.

Phase 2: Reverse the direction of all edgesof G(V,E) to obtain GR(V,ER).

Phase 3: Run a DFS-B on GR, where each time a new search begins, it is
started in the new vertex v for which h(v) is maximum,; the set of
verticesfound in a search is declared to be a strong component of G.
Thisisdescribed in Algorithm 3.6.

Observe that the strong components of GR are identical to those of G. Also,
the algorithm consists of three phases, each of time complexity O(|V|+ |E|).
Thus, the whole algorithm is of time complexity O(|V|+ |E|).

Lemma 3.9 The function h(-), produced by DFS-A, satisfies the following
condition: For everyu eV,

h(u) = max {h(w)}.

weTy

Proof: Followsfrom thefact that u isthe last vertex in T,, to becomeripe. B

Lemma 3.10 Let C be a strong component of G, and let u be the vertex of
C for which h(u) is maximum. It follows that v is the first vertex of C to be
discovered in DFSA.

Proof: If a is the first vertex of C to be discovered in DFS-A, then by
Lemma 3.8, u € T,. By Lemma 3.9, h(a) > h(u). Since h is a bijection,
and h(u) ismaximumin C, it followsthat a =u. |

Corollary 3.1 If the premise of Lemma 3.10 holds, then all vertices of C are
inT,.

3 Thealgorithm of Tarjan uses DFS once, whilethat of Kosaraju and Sharir uses two runs of DFS,
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Procedure DFS-A(G(V,E);h(+))

1 for everye € E mark e “new”

2 foreveryueVdo

3 f(u) < NIL

4 mark u “new”

5 i+1

6 whilethere are new verticesdo

7 let v be such a vertex

8 mark v “old”

9 while v has new outgoing edges or f(v) # NIL do
10 if v has new outgoing edges, then do
11 letv - w be anew edge
12 mark e “old”

13 if wisnew then do

14 mark w “old”

15 f(w) v

16 Vew

17 else (f(v) # NIL) then do

18 h(v) <1

19 i—i+1

20 v« f(v)

21 h(v) <1

22 i+i+1

Algorithm 3.5: DFS-A.

Lemma 3.11 Assume DFS A was applied to G and vertex v was assigned the
highest value of h(v). The strong component C to which v belongsis a source
component.

Proof: By contradiction. Assume there is an edge a &, b, such that a ¢ C
andb € C.

Let v be the root, chosen in Line 7, of the search in which a is discovered.
Thenr ¢ C, for otherwise, there would be adirected path from C, which starts
in T, to a, to b, and thus, a belongs to C, contradicting the assumption that
a ¢ C. We concludethat r #£v.
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Procedure DFS-B(GR(V,ER), h(-);strong components of G)

1 for every e € ER mark e “new”
2 foreveryueVdo

3 f(u) < NIL

4 mark u “new”

5 whilethere are new verticesdo
6 let v be the new vertex for which h(v) is maximum
7

8

9

S+ {v}
mark v “old”
while v has new outgoing edges or f(v) # NIL do
10 if v has new outgoing edges, then do
11 Ietvi>wbeaneNedge
12 mark e “old”
13 if wisnew then do
14 mark w “old”
15 f(w) v
16 S+ Su{w}
17 V—w
18 else (f(v) # NIL) then do
19 v« f(v)
20 print: “The set Sis a strong component”

Algorithm 3.6: DFS-B.

Observethat thelast vertex to serveasaroot of asearchisthevertex for which
h(-) ismaximum. Thus, v isaroot of asearch. Also, T. is constructed beforev
isdiscovered. But when r is chosen to be aroot of a search, all vertices on the
path fromr to a, to b, tov, arenew. Thus, by Lemma3.8, v € T;., contradicting
the fact that v isaroot of anew search. [ ]

Since the component C, containing the vertex v for which h(v) is maximum,
is a source component of G, it is a sink component of GR. It follows that in
DFS-B, since the root of the first search isv, al vertices of C, and none else,
are discovered in this search, and indeed, this set S is declared to be a strong
component.
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Procedure TARRY (G, s)

V<< S
while there is an unmarked passage in v or v has a passage marked F do
if there is an unmarked passage to edge v -~ u then do
mark the passage of e at v by E
if u has no marked passages then do
mark the passage of e at u by F
vVu
else (thereis apassagein v marked F) do
use the passage marked F to move to the neighboring vertex u
vV—u

© 00O ~NO O WDNPE
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Algorithm 3.7: The Tarry agorithm.

Now, assume we remove from G al vertices of the first declared component
andtheir incident (outgoing) edgesto form adirected subgraph G’. Theremain-
ing directed subforest, of the original DFS-A forest of G, and thevaluesof h(-)
for the remaining vertices are legitimate in the sense that one can run DFS-A
on G’ to yield exactly this forest and assignments of h(-). It follows that the
next declared strong component is valid too. By induction, all declared strong
componentsare valid as well.

3.5 Problems

Problem 3.1 Tarry’s algorithm [7] is like Trémaux’s, with the following
change. Upon reaching an old vertex u, one moves the center of activity to
that vertex anyway, instead of insisting on marking the passage through which
one hasjust reached u by E and not moving the center of activity to w. Tarry’s
algorithmisdescribedin Algorithm 3.7. Provethat Tarry’salgorithmterminates
after all edges of G have been traversed, oncein each direction.

Problem 3.2 Consider the set of edges which upon termination of Tarry’s
algorithm (see Problem 3.1) have one endpoint marked E and the other marked
F. Also, assume these edges are now directed fromEto F.

(i) Provethat thisset of edgesform adirected spanning tree of G, withroot s.
(ii) Doesastatementlikethat of Lemma3.4holdinthiscase?Proveor disprove.
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Problem 3.3 Fraenkel [2, 3] showed that the number of edge traversals can
sometimes be reduced, in comparison to the Tarry algorithm (see Problem 3.1),
if the use of atwo-way counter is allowed. Each time a new vertex is entered,
the counter isincremented. Whenitisrealized that all incident edgesof avertex
have been traversed at |east in one direction, the counter is decremented. If the
counter reaches the start value, the search is terminated. (One can return to s
viathe passages marked F.)

Write an algorithm that realizes this idea. (Hint: An additional mark that
temporarily marks the passages used to reenter a vertex is used.) Prove the
validity of your algorithm. Show that for somegraphsthealgorithmwill traverse
each edgeexactly oncefor others; the savingsdependson the choi ce of passages.
Yet there are graphs for which the algorithm can save only one traversal, even
if we do not insist on returning to s.

Problem 3.4 Assume that G is drawn in the plane in such away that no two
edges cross. Show how Trémaux’s algorithm can be modified in such a way
that the whole scanning path never crossesitself.

Problem 3.5 In an undirected graph G, a set of verticesK is called aclique if
every two vertices of K are connected by an edge. Prove that, in the spanning
(directed) tree resulting from running DFS on a finite and connected G, all
vertices of a clique appear on one directed path. Do they necessarily appear
consecutively on the path? Justify your answer.

Problem 3.6 Proveor disprovethefollowing claim: If C isasimplecircuitin
an undirected, finite, and connected graph G to which DFSis applied, then all
vertices of C appear on one directed path of the (directed) DFS tree. Doesyou
answer changeif C isaninduced circuit? (A circuit C isan induced circuit in
G if G doesnot contain an edge between two nonadjacent verticesin C.)

Problem 3.7 Provethat if C isadirected circuit of a finite digraph to which
DFSisapplied and v isavertex on C for which k(v) is minimum, thenv isa
root of a subtree of the resulting directed forest, and all verticesof C arein this
subtree.

Problem 3.8 An edge e of aconnected undirected graph G iscalled abridgeif
the deletion of e destroys G’s connectivity. Describe an algorithm to compute
all bridges of agiven finite G. (Hint: There are two ways to solve the problem.
In the first solution, one modifies the graph and uses the algorithm for finding
the separating vertices. In the second, one modifies the algorithm and applies
the modified algorithmto G.)
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Problem 3.9 (This problem was suggested by Silvio Micali.) Let G be a
connected graph.

¢ Prove that a vertex u # s is a separating vertex of G if and only if, upon
termination of DFS on G, thereis atree edge u — v for which thereis no
back edge x — y such that x isa descendant of v andy isaproper ancestor
of wu.

¢ Describe an algorithm, of time complexity O(|E|), which detects the sepa-
rating vertices of G without numbering the vertices and, therefore, without
the use of lowpoint. (Hint: For every back edge x — y, mark all tree edges
on the path from y to x; proceed from x to y until an already marked edge
is encountered or the edge tree outgoing from y is reached. The latter edge
isnot marked. The back edges are considered by rescanning G again, while
remembering which edges are tree edges and which are back edges, only that
in the second scan the back edges are processed first. When all thisis over,
v # s isaseparating vertex if and only if thereis an unmarked tree edge out
of v. Also note that a third scan can be used to produce the nonseparable
components.)

Problem 3.10 (Thisproblemwas suggested by Alessandro Tescari.) Show that
the agorithm for nonseparable components can be simplified by adding a new
vertex r and anew edge r — s, and starting the search at r. Do we still need
Lemma3.7?
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4
Ordered Trees

4.1 Uniquely Decipherable Codes

Let £ ={0,1,...,0 — 1}. We call ~ an alphabet and its elements are called
letters; the number of lettersin X is o. (Except for this numerical use of o,
the “numerical” value of the letters is ignored; they are just “meaningless’
characters. We use the numerals just because they are convenient characters.)
A finitesequence aia; - - - a;, where a; isaletter, iscalled aword whose length
is 1. We denote the length of a word w by 1(w). A set of (nonempty and
distinct) wordsis called a code. For example, the code {102, 21, 00} consists of
three code-words: one code-word of length 3 and two code-words of length 2;
the alphabet is{0, 1,2} and consists of three |etters. Such an alphabet is called
“ternary”.

Letcy,ca,...,cx becode-words. Themessagecics - - - cx istheword resulting
from the concatenation of the code-word c1 with ¢z, and so on. For example, if
c1=00,co, =21, and c3 =00, then c1cac3 = 002100.

A code C over X (i.e., the code-words of C consist of lettersin X) is said to
be uniquely decipherable (UD) if every message constructed from code-words
of C can be broken down into code-words of C in only one way. For example,
the code {01,0, 10} is not UD because the message 010 can be parsed in two
ways. 0,10 and 01, 0.

Our first goal isto describe atest for deciding whether agiven code C isUD.
Thistest is an improvement on atest of Sardinas and Patterson [1] and can be
found in Gallager’s book [2].

If s,p, and w arewords, and ps =w, then p isis caled a prefix of w and s
is called a suffix of w. We say that aword w is nonempty if 1(w) > 0.

A nonempty word t iscalled atail if thereexist two messagescics--- ¢y @nd
cich--- ¢y, with thefollowing properties:

65
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(D ci,1<i<m, andcf,1<j < narecode-words, and c1 # cg;
(2) tisasuffix of c/;
(3) cico--ecmt=cicy - -cl.

Lemma4.1 Acode CisUD if and only if no tail is a code-word.

Proof: If acode-word c isatail then, by definition, there exist two messages
ciC2-+-Cm andcics--- ¢, that satisfy cico - cme =cics -+~ ¢l whilecy #cy.
Thus, there are two different ways to parse this message, and C isnot UD.

If C isnot UD, then there exist messages that can be parsed in more than
oneway. Let 1 be such an ambiguous message, whose lengthis minimum: .=
C1C2---Ck =C1Ch---Cyy; i.€ al the ci-sand cj-s are code-words and ¢y # cy.
Now, without loss of generality we can assume that cy is a suffix of ¢/, (or
change sides). Thus, ck isatail. |

Thefollowingalgorithm generatesall thetails. If acodeisatail, thealgorithm
terminates with a negative answer.

Algorithm for UD:

(1) For every two code-words, c; and c; (i # j), do the following:

a If ¢y =cj, halt; Cisnot UD.

b. If for someword s, €ither cis = c¢; or ¢y = ¢;s, put s in the set of tails.
(2) For every tail t and every code-word ¢ do the following:

a Ift=c, hat; Cisnot UD.

b. If someword s, either ts =c or cs = t, put s in the set of tails.
(3) Halt; CisUD.

Clearly, in Step (1), the words declared to be tails are indeed tails. In step
(2), since t is aready known to be atail, there exist code-words cy, co,...,cm
and cj,c5,...,cl, such that cico---cmt = cich---cl. Now, if ts = c, then
CiC2 - CmC = cic5---Chs, and therefore s is a tail; and if cs = t, then
CiC2 - CmCS =cjcy -+l and s isatail.

Next, if the algorithm haltsin (3), wewant to show that all thetails have been
produced. Once this is established, it is easy to see that the conclusion that C
is UD follows; each tail has been checked, in Line (2a.), whether it is equal to
a code-word, and no such equality has been found. By lemma 4.1, the code C
isuD.

For every t let m(t) = cico---cn be a shortest message such that
cic2---cmt =cych---cl and t is a suffix of c/,. We prove by induction on
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thelength of m(t) that t isproduced. If m(t) =1, thent isproduced by ((1)b.),
sncem=n=1.

Now assume that al tails p for which m(p) < m(t) have been produced.
Since t is a suffix of ¢, let p denote the word such that pt = ¢/, . Therefore,
C1C2 - Cm =C1Ch--Cl_,p, and p isatail.

If p=cm,thenct=c],andtisproducedin Step (1).

If p isasuffix of ¢y, then p isatail. Also, m(p) is shorter then m(t). By
the inductive hypothesis, p has been produced. When Step (2b) is applied to
pt=c/, (with pasatail and ¢/, asacode-word), thetail t is produced.

If ¢y is asuffix of p, then ¢t is a suffix of ¢/, and therefore, cqt isa
tail. Also, m(cmt) =cico---cm—1 andis shorter than m(t). By the inductive
hypothesis, ¢, t has been produced. When Step (2b) is applied to the tail ¢, t
and code-word c¢,,, thetail t is produced.

This provesthat the algorithm halts with the right answer.

L et the code consist of n words, and 1 be the maximum length of acode-word.
Step (1) takes at most O(n? - 1) elementary operations. The number of tailsis
at most O(n - 1). Thus, Step (2) takes at most O (n?12) elementary operations.
Therefore, thewholealgorithmisof timecomplexity O(n?1?). Other algorithms
of the same complexity can be found in [3] and [4]; these tests are extendible
to test for additional properties[5, 6, 7].

Theorem 4.1 Let C ={cy,cp,...,cn} be a UD code over an alphabet of o
letters. If 1; = 1(cy),1=1,2,...,m, then

n
D) okl (4.1)
i=1

The left-hand side of 4.1 is called the characteristic sum of C; clearly, it
characterizesthevector (14,15, ..., 1, ), rather than C. Theinequality 4.1iscalled
the characteristic sumcondition. Thetheoremwasfirst proved by McMillan[g].
The following proof is dueto Karush [9].

Proof: Let e be apositiveinteger
n e n n n
(o) =3 3 Y ottt
i=1 i1=1ip=1 =1

Thereisauniqueterm, on theright-hand side, for each of the n® messages of
e code-words. Let usdenoteby N (e, j) thenumber of messagesof e code-words
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whose length isj. It follows that

el

i i i o (g Flipttlie) — ZN(e,j) o),

i1=lip=1 ie=1 j=e

where 1 is the maximum length of a code-word. Since C is UD, no two
messages can be equal. Thus, N(e,j) < oJ. We now have

el el
ZN(e,j)ﬂ” < ZG’ o <e-1.
j=e j=e

We concludethat foral e > 1,

n e .
(Z Gfli) <e-l
i=1
Thisimplies4.1. |

A code C is said to be prefix if no code-word is a prefix of another. For
example, the code {00,10,11,100,110} is not prefix, since 10 is a prefix of
100; the code {00,10,11,010,011} is a prefix. A prefix code has no tails and
is therefore UD. In fact, it is very easy to parse the messages. Reading the
messages from left to right, as soon as we read a code-word, we know that
it is the first code-word of the message, since it cannot be the beginning of
another code-word. Therefore, in most applications, prefix codes are used. The
following theorem, due to Kraft [10], in a sense shows us that we do not need
nonprefix codes.

Theorem 4.2 If the vector of integers, (14, 1o,...,1, ), satisfies

n

> ok, (4.2)
then there exists a prefix code C ={cy,c2,...,cn } Over the alphabet of o |etters
suchthat 1; =1(cy).

Proof: Let A1 < A2 < --- <Ay, beintegers such that each 1; is equal to one of
the Aj-sand each A; isequal to at least one of the 1;-s. Let k; be the number of
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1;-sthat are equal to A;. We have to show that there exists a prefix code C such
that the number of code-words of length A; isk;.
Clearly, 4.2 impliesthat

m
Y koM<l (4.3)
j=1

We prove by induction on r that for every 1 < r < m there exists a prefix
code C; such that, for every 1 < j < r, the number of its code-words of
length A; isk;.

First assumethat r = 1. Inequality 4.3 impliesthat k0?1 < 1, or ky < oM.
Since there are o™ distinct words of length A1, we can assign any k; of them
to constitute Cj.

Now, assume C, exigts. If r < m then 4.3 impliesthat

r+1
Y koM<l
j=1

Multiplying both sides by or+1 yields
T+1

Z kj oM TI=A < GM+1’
j=1

whichis equivalent to

-
Kyp1 < oM+l ij gMrHLA (4.4)
j=1

The number of distinct words of length A, 1, a prefix of which of length A
isa code-word in C,, equalsk; - o %, Thus, 4.4 implies that anong the
o*r+1 words of length A, 1, there are at least k.1 words, none of which hasa
prefix in C;. The enlarged set of code-wordsis C1. [ |

This proof suggests an algorithm for the construction of a code with a given
vector of code-word length. We return later to the question of prefix code
construction, but first we introduce positional trees.

4.2 Positional Trees and Huffman’s Optimization Problem

A positional o-tree (or when o is known, a positional tree) is a directed tree
with the following property: Each edge out of avertex v is associated with one
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Figure4.1: A positional 2-tree.

of the letters of the alphabet ~ ={0,1,...,0— 1}; different edges, out of v, are
associated with different letters. It follows that the number of edges out of a
vertex isat most o, but may be less; in fact, aleaf has none.

We associate with each vertex v theword consisting of the sequence of |etters
associated with the edges on the path from theroot r tov. For example, consider
the binary tree (positional 2-tree) of Figure 4.1, where the associated word is
written in each vertex. (A denotes the empty word.)

Clearly, the set of words associated with the leaves of apositional treeisapre-
fix code. Also, every prefix code can be described by apositional treeinthisway.

Thelevel of avertex v of atreeisthelength of the directed path from the root
tov; itisequal to thelength of the word associated with v.

Our next goal isto describe aconstruction of an optimum codein a sense that
we discuss shortly. It is described here as a communication problem, asit was
viewed by Huffman [11], who solved it. In the next section, we shall describe
one more application of this optimization technique.

Assume that words over a source a phabet of n |etters have to be transmitted
over achannel that can transfer oneletter of thealphabet * ={0,1,...,0— 1} at
atime, and o < n. We want to construct a code over ~ with n code-words and
associate acode-word with each source letter. A word over the source al phabet
istrangated into amessage over the code, by concatenating the code-wordsthat
correspond to the source letters in the same order as they appear in the source
word. This message can now be transmitted through the channel. Clearly, the
code must be UD.
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Assumefurther that the sourcelettershave given probabilitiesps, p2, . .. pn Of
appearance and that the choice of the next letter in the source word is indepen-
dent of its previousletters. If the vector of code-word lengthsis (14, 1o,...,1. ),
then the average code-word length, 1, is given by

n
i=1

Wewant to find acodefor which lisminimum in order to minimizethe expected
length of the message.

Sincethe code must be UD, by Theorem 4.1, the vector of code-word lengths
must satisfy the characteristic sum condition. This implies, by Theorem 4.2,
that a prefix code with the same vector of code-word lengths exists. Therefore,
in seeking an optimum code, for which Tisminimum, wemay restrict our search
to prefix codes. In fact, al we have to do isfind a vector of code-word lengths
for which 1 is minimum, among the vectors that satisfy the characteristic sum
condition.

First, let usassumethat p; > p2 > - - = pn. Thisiseasily achieved by sorting
the probabilities. We first demonstrate Huffman’s construction for the binary
case (0 = 2). Assumethe probabilitiesare 0.6, 0.2, 0.05, 0.05, 0.03, 0.03, 0.03,
0.01. We write this list as our top row (see Figure 4.2). We add the last (and
thereforeleast) two numbers, and insert the sum in the proper placeto maintain
thenonincreasing order. We repeat this operation until we get avector with only
two probabilities. Now, we assign each probability a word-length 1, and start
working our way back up by assigning each of the probabilities of the previous
step itslength in the present step, if it is not one of the last two, and each of the
two last probabilities of the previous step is assigned a length that is larger by
one than the length assigned to their sum in the present step.

Oncethe vector of code-word lengthsis found, a prefix code can be assigned
toit by the technique of the proof of Theorem 4.2. (An efficient implementation
isdiscussed in Problem 4.6.) Alternatively, the back-up procedure can produce
aprefix codedirectly. Instead of assigning lengthsto the last two probabilities,
we assign the two words of length one: 0 and 1. Aswe back up from a present
step in which aword is already assigned to each probability, to the previous
step, the rule is as follows: All but the last two probabilities of the previous
step are assigned the same words as in the present step. The last two probabil-
ities are assigned c0 and c1, where c is the word assigned to their sum in the
present step.
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06 02 005 005 003 0.03 003 001
11 12 14 14 5\ 5\ 5] 5
06 02 005 005 0.04 003 003

11 12 ANIZANPANEE I

06 02 006 005 0.05 0.04

11 12 ANIANY I Y

06 02 009 006 0.05

11 12 3\ 4] 4

06 02 011 0.09

11 12 3] 3

06 02 02

11 2] 2

06 04

101

Figure4.2: A demonstration of Huffman’s construction for the binary case.

In the general case, when o > 2, we add in each step the last d probabilities
of the present vector of probabilities; if n isthe number of probabilities of this
vector then d is given by

l<d<o and n=d mod(oc—1) (4.6)

After thefirst step, thelength of the vector, n’, satisfiesn’ =1 mod (0—1),
and will be equal to one, mod (o — 1), from there on. The reason for this
rule is that we should end up with exactly o probabilities, each to be assigned
lengthl. Now, c =1 mod (c—1), and sincein each ordinary step the number
of probabilitiesisreduced by o0 — 1, wewantn=1 mod (o — 1). In case this
condition is not satisfied by the given n, we correct it in the first step as is
doneby our rule. Our next goal isto provethat thisindeed leads to an optimum
assignment of a vector of code-word lengths.

Lemma4.2 If C={ci,ca,...,cn}isan optimum prefix code for the probabili-
tiespy,p2,...,pn, thenp; > p5 impliesthat 1(ci) < 1(c;).

Proof: Assumel(ci) > 1(c;). Makethefollowing switch: Assign c; to proba-
bility p;, and c; topy; all other assignmentsremain unchanged. L et 1 denotethe
average code-word length of the new assignment, while 1 denotes the previous
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one. By (4.5), we have

1—1=[pi - Uci)+p; Uc;)l—[pi-cj) +pj-Uei)]
= (pi —pj)(Llci) —c5)) >0

contradicting the assumption that 1 is minimum. [ |

Lemma 4.3 There exists an optimum prefix code for the probabilities p; >
P2 = --- = pn Such that the positional tree that represents it has the following
properties:

(1) All theinternal vertices of the tree, except possibly one internal vertex v,
have exactly o sons.

(2) Vertexvhasl< p< osons,wheren=p mod(oc—1).

(3) Vertexv of ((1)) ison the lowest level that containsinternal vertices, and
itssons are assigned t0 pr—p+1, Prn—p+2:-+-Pn-

Proof: Let T beapositional tree representing an optimum prefix code. If there
existsaninterna vertex u that isnot on thelowest level of T containing internal
verticesand it has less than o sons, then we can perform the following change
in T: Remove one of the leaves of T from its lowest level and assign to the
probability a new son of u. The resulting tree, and therefore its corresponding
prefix code, hasasmaller average code-word length. A contradiction. Thus, we
conclude that no such internal vertex u exists.

If there are internal vertices on the lowest level of interna vertices that have
less than o sons, choose one of them, say v. Now eliminate sons from v and
attach their probabilitiesto new sons of the others, so that their number of sons
is 0. Clearly, such a change does not change the average length, and the tree
remains optimum. If, beforefilling in all the missing sons, v has no more sons,
we can usev as aleaf and assign to it one of the probabilities from the lowest
level, thus creating a new tree that is better than T. A contradiction. Thus, we
never run out of sons of v to be transferred to other lacking internal vertices
on the same level. Also, when this process ends, v is the only lacking internal
vertex (proving (1)), and its number of remaining sons must be greater than
one, or its son can be removed and its probability attached to v. This proves
that the number of sons of v, p, satisfies1 < p < o.

If v’s p sons are removed, the new treehasn’ =n — p + 1 leaves and is full
(i.e., every internal vertex has exactly o sons). In such atree, the number of
leaves, 1/, satisfiesn’ = 1, mod (0 — 1). Thisiseasily proved by induction on
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thenumber of internal vertices. Thus; n—p+1=1 mod (c—1), andtherefore
n=p mod(o—1), proving (2).

We haveaready shownthat v ison thelowest level of T that containsinternal
vertices, and the number of itssonsis p. By Lemma4.2, we know that the least
p probabilities are assigned to leaves of the lowest level of T. If they are not
sons of v, we can exchange sons of v with sons of other internal vertices on
thislevel, to bring all the least probabilitiesto v without changing the average
length. |

For a given aphabet size o and probabilities p; > p2 > --- > pn, let
O(p1,p2,.-.,Pn) betheset of al o-ary positional treeswith n leaves, assigned
withthe probabilitiespi,pa2,...,pn insuchaway that pyn—d+1,Pn—d+2:-- - Pn
(see Equation 4.6) are assigned, in this order, to the first d sons of a vertex v,
which has no other sons. By Lemma 4.3, 04(p1,p2,...,pn) CONtains at least
one optimum tree. Thus, we may restrict our search for an optimum tree to

60(pl;p2,---,pn)-

Lemma 4.4 Thereisa oneto one correspondence between 6, (p1,p2,--.,Pn)
and the set of o-ary positional trees, with n — d + 1 leaves assigned with

P1.P2.--..Pn_a, P’ Wherep’= > p;. Theaverageword-length T of the
i=n—d+1
prefix code, represented by atree T of 05 (p1,p2, ..., pn), andthe average code-
word-length 17 of the prefix code represented by thetree T’, which corresponds
to T, satisfy
1=U+p. 4.7)

Proof: Thetree T’ which correspondsto T is achieved asfollows: Let v be the
father of the leaves assigned pn—a+1,Pn—d+2,---,Pn- REMoOve all the sons of
vandassign p’ toiit.

It is easy to see that two different trees T; and T, in 04 (p1,p2,--.,Pn) Will
yield two different trees T, and T;, and that every c-ary tree T’ withn—d + 1
leaves assigned p1,p2,...,Pn—d,p’, IS the image of some T; establishing the
correspondence.

Let1; denotethelevel of theleaf assignedp;inT.Clearly 1, —g+1=1lh_—a12=

-+.=1n. Thus,
n—d n n—d
TZZpi~li+ln~ Z pizzpi'h+ln~p/
i=1 i=n—d+1 i=1
n—d
=) pi-Li+(ln—1)-p'+p'=U+p". m

i=1
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Lemma 4.4 suggests a recursive approach to find an optimum T. For 1 to be
minimum, I must be minimum. Thus, let usfirst find an optimum T’, and then
find T by attaching d sons to the vertex of T’ assigned p’; these d sons are
assigned pn—a+1,Pn—d+2:---,Pn- Thisis exactly what is done in Huffman’s
procedure, thus proving its validity.

It is easy toimplement Huffman’salgorithmin time complexity O (n?). First,
we sort the probabilities, and after each addition, the resulting probability is
inserted in a proper place. Each such insertion takes at most O(n) steps, and
the number of insertionsis [ (n— o) /(o —1)]. Thus, thewholeforward process
is of time complexity O(n?). The back up processis O(n) if pointers are |eft
in the forward process to indicate the probabilities of which it is composed.

However, thetime complexity canbereducedto O (nlogn). Oneway of doing
it isthe following: First sort the probabilities. This can be donein O(nlogn)
steps [14]. The sorted probabilities are put on a queue S; in a non-increasing
order from left to right. A second queue, S, initially empty, isused too. In the
general step, we repeatedly take the least probability of the two (or one, if one
of the queuesis empty) appearing at the right hand side ends of thetwo queues,
and add up d of them. The result, p’, isinserted at the left hand side end of
S». The process ends when after adding d probabilities both queues are empty.
This adding process and the back up are O(n). Thus, the whole algorithm is
O(nlogn).

The construction of an optimum prefix code, whenthecost of thelettersarenot
equal isdiscussed in Reference[12]; the case of alphabetic prefix codes, where
the words must maintain lexicographically the order of the given probabilities,
is discussed in Reference [13]. These references give additiona references to
previous work.

4.3 Application of the Huffman Treeto Sort-by-M er ge Techniques

Assume that we have n items, and there is an order defined between them. For
ease of presentation, let us assume that the items are the integers 1,2,...,n,
and the order is “less than.” Assume that we want to organize the numbersin
nondecreasing order, whereinitialy they areputin L lists, A1,A»,...,A. Each
A; isassumed to be ordered already. Our method of building larger lists from
smaller onesisasfollows: Let By, B,,...,By, beany m existing lists. We read
the first, and therefore least, number in each of the lists, take the least number
among them away fromitslist, and put it as the first number of the merged list.
Thelist from which we took the first number is now shorter by one. We repeat
this operation on the same m lists until they merge into one. Clearly, some of
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abrwNE

1
3

Figure 4.3: An example of a sort-by-merge described by a positional tree.

thelists become empty before others, but since this depends on the structure of
thelists, we only know that the general step of finding the least number among
m numbers(or less) anditstransfer toanew listisrepeated by +bo+---+ by,
times, where b; isthe number of numbersin B;.

The number m is dictated by our equipment or decided upon in some other
way. However, we shall assume that its value is fixed and predetermined. In
fact, in most cases m = 2.

The whole procedure can be described by a positional tree. Consider the
example shown in Figure 4.3, where m. = 2. First, we merge the list (3) with
(1,4). Next, we merge (2,5) with (1,3,4). The original lists, A1,A,,..., AL,
correspond to the leaves of the tree. The number of transfers can be computed
asfollows: Let a; be the number of numbersin Ay, and 1; be the level of the
list A; in the tree. The number of elementary merge operationsis then

L
Z ai- . (48)
i=1

Burge [15] observed that the attempt to find a positiona m-ary that mini-
mizes (4.8) is similar to that of the minimum average word-length problem
solved by Huffman. The fact that the Huffman constructionisin termsof prob-
abilities does not matter, since the fact that p; +p2+ - +prL = 1 is never
used in the construction or its validity proof. Let us demonstrate the implied
procedure by the following example:
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9 8 8 7 6 6 6 5 5 4 3 3
1 2 2 2 2 2 2 2 2 2|2 2
10’988766655

1 1 2 2 2 2 2 2|2 2
22’1098876

1 1 1 2 2|2 2

29 22 10 9

1 1 1 1

Figure 4.4: Anexample of sort-by-mergefor L =12 and m =4.

Figure4.5: The positional tree describing the examplein Figure 4.4.

Assume L = 12 and m = 4; the b;’s are given in nonincreasing order:
9,8,8,7,6,6,6,5,5,4,3,3. Since L = 0(mod 3), accordingto (4.6), d = 3.

Thus, in the first step we mergethe last three liststo form alist of length 10,
which is now put in the first place (see Figure 4.4). From there on, we merge
each timethefour lists of least length. The whole merge procedureis described
in the tree shown in Figure 4.5.

4.4 Catalan Numbers

The set of well-formed sequences of parentheses is defined by the following
recursive definition:

(1) The empty sequenceiswell formed.

(2) If A and B are well-formed sequences, so is AB (the concatenation of A
and B).

(3) If Aiswell formed, sois (A).
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(4) There are no other well-formed sequences.

For example, (()(())) iswell formed; (()))(() is not.

Lemma 4.5 A sequence of (left and right) parenthesesis well formed if and
only if it containsan even number of parentheses, half of which areleft, and the
other half, right. Also aswe read the sequence fromleft to right, the number of
right parentheses never exceeds the number of left parentheses.

Proof: Firstletusprovethe“only if” part. Sincethe construction of every well-
formed sequence startswith no parentheses (the empty sequence), and eachtime
we add on parentheses (Step 3) there is one left and one right, it is clear that
therearen left parenthesesand n right parentheses. Now, assumethat for every
well-formed sequence of m left and m right parentheses where m < n, it is
true that as we read it from left to right the number of right parentheses never
exceeds the number of left parentheses. If the last step in the construction of
our sequencewas (2), then since A isawell-formed sequence, as we read from
left to right, aslong as we till read A, the condition is satisfied. When we are
between A and B, the count of |eft and right parentheses equalizes. From there
on, the balance of left and right is safe, since B iswell formed and containsless
than n parentheses. If the last step in the construction of our sequence was (3),
since A satisfies the condition, so does (A).

Now, we shall provethe “if” part, again by induction on the number of paren-
theses. (Here, as before, the basis of the induction is trivial.) Assume that the
statement holds for all sequences of m left and m right parentheses, if m < n,
and we are given a sequence of n left and n right parentheses that satisfies
the condition. Clearly, if after reading 2m symbols of it from left to right, the
number of left and right parentheses is equal, and if m < n, then this subse-
quence, A, by the inductive hypothesis, is well formed. Now, the remainder
of our sequence, B, must satisfy the condition, too, and again by the inductive
hypothesisis well formed. Thus, by Step (2), AB iswell formed. If thereisno
such nonempty subsequence A, which leaves a nonempty B, then as we read
from left to right, the number of right parentheses, after reading one symbol
and before reading the whole sequence, is strictly less then the number of left
parentheses. Thus, if we delete the first symbol, which is a “(”, and the last,
which is a ©)”, the remainder sequence, A, dtill satisfies the condition, and
by the inductive hypothesis, is well formed. By Step (3) our sequence is well
formed too. |
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We shall now show a one-to-one correspondence between the non-well-
formed sequences of n left and n right parentheses, and all sequencesof n —1
|eft parentheses and n + 1 right parentheses.

Let p1p2---p2n be asequence of n left and n right parentheses that is not
well formed. By Lemma 4.5, there is a prefix of it that contains more right
parenthesesthan |eft parenthesis. Let j be the least integer such that the number
of right parentheses exceeds the number of |eft parenthesesin the subsequence
P1p2---p;. Clearly, the number of right parenthesesis then one larger than the
number of left parentheses, or j is not the least index to satisfy the condition.
Now, invertall p;’sfori > j fromleft parenthesesto right parentheses, and from
right parentheses to left parentheses. Clearly, the number of |eft parenthesesis
now n — 1, and the number of right parenthesesis now n + 1.

Conversely, given any sequence p1pz---pa2n Of n — 1 left parentheses and
n+ 1right parentheses, let j be thefirst index such that p1p2 - - - p; containsone
right parenthesismorethan left parentheses. If we now invert all the parentheses
in the section p;.1p;12- - - p2n fromleft to right and from right to left, we get
a sequence of n left and n right parentheses which is not well formed. This
transformation is the inverse of the one in the previous paragraph. Thus, the
one-to-one correspondenceis established.

The number of sequences of n— 1 left and n+ 1 right parenthesesis

n
n—-1/’
for we can choose the places for the left parentheses, and the remaining places
will have right parentheses. Thus, the number of well-formed sequences of

lengthn is
2n 2n 1 2n
(0)-()-m=0) @9

These numbers are called Catalan numbers.

An ordered tree is a directed tree such that for each internal vertex thereis
a defined order of its sons. Clearly, every positional tree is ordered, but the
converse does not hold: In the case of ordered trees there are no predetermined
“potential” sons; only the order of the sons counts, not their position, and there
isno limit on the number of sons.

An ordered forest is a sequence of ordered trees. We usually draw a forest
with all the roots on one horizontal line. The sons of a vertex are drawn from
left to right in their given order. For example, the forest shown in Figure 4.6
consists of three ordered treeswhoserootsare A, B, and C.
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Figure 4.6: An example of three ordered trees.

Thereisanatural correspondence between well-formed sequences of n pairs
of parentheses and ordered forests of n vertices. Let us label each leaf with
the sequence (). Every vertex whose sons are labeled w1, wy, ..., w; islabeled
with the concatenation (wiws - - -wy); clearly, the order of the labelsisin the
order of the sons. Finally, oncethe rootsare labeled x1,x2, .. ., X, the sequence
corresponding to the forest is the concatenation x;xz - - - x, . For example, the
sequencecorrespondingto theforest of Figure4.6is((00)0)(000)((00)).The
inverse transformation clearly exists, and thus the one-to-one correspondence
is established. Therefore, the number of ordered forests of n verticesis given
by (4.9).

We now describe a one-to-one correspondence between ordered forests and
positional binary trees. The leftmost root of the forest is the root of the binary
tree. The leftmost son of the vertex in the forest is the left son of the vertex in
the binary tree. The next brother on the right, or, in the case of aroot, the next
root on theright istheright son in the binary tree. For example, see Figure 4.7,
where an ordered forest and its corresponding binary tree are drawn. Again, it
is clear that this is a one-to-one correspondence, and therefore the number of
positional binary treeswith n verticesis given by (4.9).

There is yet another combinatorial enumeration that is directly related to
these.

A stack is a storage device that can be described as follows. Suppose that n
carstravel on anarrow one-way street where no passing is possible. Thisleads
into a narrow two-way street on which the cars can park or back up to enter
another narrow one-way street (see Figure 4.8). Our problemisto find how may
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Figure4.7: An ordered forest and its corresponding binary tree.

Output \\Y'; 2] Input

Stack

Figure4.8: Anexample of astack of cars.

permutations of the cars can be realized from input to output if we assume that
the cars enter in the natural order.

The order of operations in the stack is fully described by the sequence of
drive-in and drive-out operations. Thereis no need to specify which car drives
in, for it must be the first one on the leading-in present queue; also, the only one
that can drive out is the top one in the stack. If we denote a drive-in operation
by “(”, and a drive-out operation by «)”, the whole procedureis described by a
well-formed sequence of n pairs of parentheses.

The sequencemust bewell formed, by Lemma4.5, since the number of drive-
out operations can never exceed the number of drive-in operations. Also, every
well-formed sequence of n pairs of parentheses defines a realizable sequence
of operations, since, again by Lemma4.5, adrive-out is never instructed when
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thestack isempty. Also, different sequencesyield different permutations. Thus,
the number of permutations on n carsrealizable by a stack is given by (4.9).
Let us now consider the problem of finding the number of full binary trees.
Denote the number of leaves of a binary tree T by L(T), and the number of
internal vertices by I(T). It is easy to prove, by induction on the number of
leaves, that L(T) = I(T) + 1. Also, if al leaves of T are removed, the resulting
tree of I(T) verticesis a positional binary tree T'. Clearly, different T-s will
yield different T’-s, and one can reconstruct T from T’ by attaching two leaves
to each leaf of T/, and oneleaf (son) to each vertex that in T’ has only one son.
Thus, the number of full binary trees of n verticesis equal to the number of
positional binary trees of (n— 1)/2 vertices. By (4.9) this number is

2 n—1
n+1\ %2 )

4.5 Problems

Problem 4.1 Prove the following theorem: A position between two lettersin
a message m over a UD code C is a separation between two code-words if
and only if both the prefix and the suffix of m up to this position are messages
over C.

Problem 4.2 Use the result of Problem 4.1 to construct an efficient algorithm
for parsing a message m over a UD code C in order to find the words which
compose m. (Hint: scan m from left to right, and mark al the positions such
that the prefix m up to them is a message. Repeat from right to left to mark
positions corresponding to suffixes that are messages.)

Problem 4.3 Test the following codes for UD:

(1) {00,10,11,100,110},
(2) {1,10,001,0010,00000, 100001},
(3) {1,00,101,010}.

Problem 4.4 Construct a prefix binary code, with minimum average
code-word length, which consists of ten words whose probabilities are
0.2,0.18,0.12,0.1,0.1,0.08,0.06,0.06,0.06,0.04. Repeat the construction for
oc=3and 4.

Problem 4.5 Prove that, if a prefix code correspondsto afull positional tree,
then its characteristic sum isequal to 1.
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Problem 4.6 Provethat, if the word-length vector (13,1,...,1,,) satisfies the
characteristic sum condition, and if 1; <1, < --- < 1, then there exists a
positional tree with n leaves whose levels are the given 1;’s, and the order of
the leaves from left to right is asin the vector.

Problem 4.7 A codeiscaled exhaustiveif every word over the al phabet isthe
beginning of some message over the code. Prove the following:

(1) If acodeisprefix, anditscharacteristic sumis1, thenthe codeisexhaustive.
(2) If acodeis UD and exhaustive, then it is prefix and its characteristic sum
isl.

Problem 4.8 Construct the ordered forest, the positional binary tree and the
permutation through a stack that corresponds to the following well-formed
sequence of ten pairs of parentheses:

(OOONIOO0).

Problem 4.9 A direct method for computing the number of positional binary
trees of n verticesthrough the use of agenerating function goesasfollows: L et
b, bethe number of trees of n vertices. Define bg = 1 and define the function

B(x) =bgo+bix+bax?+---.
(1) Provethat by =bg-bn_14 -+ bn_1-bo.

(2) Provethat xB?(x) —B(x)+1=0.
(8) Usetheformula

1 11 11 1
1 o2 320671 5 315G -2) 4
(1+a)2—l+ia+ T 3 a’+--
to provethat

1 /2n

bp=—— :

" n+l<n>
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5
Flow in Networks

5.1 Introduction
A network N(G, s, t,c) consists of the following data:
e A finite digraph G(V,E) with no self-loops and no parallel edges.”
* Two vertices s and t are specified; s is called the source; and t, the sink.?

¢ The capacity function, c: E — R™. The positive real number, c(e), iscalled
the capacity of edge e.

For every vertex v € V, let «(v) denote the set of edges that enter v in G.
Similarly, let 3(v) denote the set of edges that emanate fromv.

A flow function, f: E — R, is an assignment of areal number f(e) to each
edge e such that the following two conditions hold:

The Edge Rule. For every edgee € E, 0 < f(e) < c(e).
The Vertex Rule. For every vertex v € V'\ {s, t},

> fler= 3 fle).
eca(v) eeP(v)

Thetotal flow F, of f in N, is defined by

F= > fle)— ) fle). (5.1)

eca(t) eeP(t)
Namely, F isthe net sum of flow into the sink.

1 Self-loops are useless in this context, and parallel edges can be replaced with one edge whose
capecity is the sum of the capacities of the parallel edges.

2 The source is not necessarily agraphical source; i.e., it may have incoming edges. Similarly,
the sink is not necessarily a graphical sink.

85



86 5 Flow in Networks

In the next two sections, we shall discuss methods for computing a flow
function f for which F is maximum.

GivenasetS C V,let S =V\S. Inthefollowing, we shall discusssets S, such
that s € S and t € S. Also, (S;S) denotes the set of edges which are directed
fromavertexin S to avertexin S; this set of edgesis called aforward cut. The
set (S;S) issimilarly defined, and is called a backward cut. The union of (S;S)
and (S;S) is called the cut defined by S.

By definition, thetotal flow F is measured at the sink. Our purposeisto show
that F can be measured at any cut.

Lemma 5.1 For every {s} € S C (V \ {t}) and every flow function f of total
flow F, the following holds:

Z f(e Z f(e (5.2

ec(S;S) ec(S;S)

Proof: By thevertexrule, for every v e (V\{s,t}),

0= ) fle Z f(e (5.3)

eca(v) ecP(v

Also, consider again Equation 5.1:

F= > fle)— )  fle).

ecx(t) eeB(t)

Now, add the equations, as in Equation 5.3, for every v € (5\ {t}), aswell as
Equation 5.1. The aggregate equation has F on the |.h.s.®

In order to see what happens on ther.h.s., consider an edge x N y. If both
x and y belong to S then f(e) does not appear on the r.h.s. of the aggregate
equation at all, in agreement with Equation 5.2. If both x and y belong to S
then f(e) appearstwice on ther.h.s. of the aggregate equation; once positively,
in the eguation for y, and once negatively, in the equation for x. Thus, it is
canceled out in the summation, again in agreement with Equation 5.2. If x € S
andy € S then f(e) appears on the r.h.s. of the aggregate equation, as part of
Equation 5.3 for y, positively, and in no equation for other vertices included
in the summation. In this case e € (S;S), and again we have agreement with
Equation 5.2. Finally, if x € S and y € S, f(e) appears negatively on ther.h.s.

3 Left-hand side.
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of the aggregate equation, as part of Equation 5.3 for x, and again this agrees
with Equation 5.2, since e € (S;S). [ ]

Let usdenoteby c(S) thecapacity of the cut determined by S, whichisdefined
asfollows:

c(S)= > cle). (5.4)

ec(S;S)

Lemma 5.2 For every flow function f, with total flow F, and every {s} C S C
(V\{t}), the following inequality holds:

F<c(S). (5.5)

Proof: By Lemmab.1,

F= ) fle)— > fle).
e€(S,S)

ec(S;S)

By the edgerule, for every edge e, 0 < f(e) < c(e). Thus,

F< Z c(e)—0.

ec(S;S)

Finally, by Equation 5.4, F < ¢(S). [ |

The following is a very important corollary of Lemma 5.2. It allows us to
detect that a given total flow F is maximum, and the capacity of a given cut,
defined by S, is minimum.

Corollary 5.1 If F and S satisfy Equation 5.5 by equality, then F is maximum
and the cut defined by S is of minimum capacity.

5.2 The Algorithm of Ford and Fulkerson

Ford and Fulkerson [ 7] suggested the use of augmenting pathsto changeagiven
flow function f in order to increase the total flow. A procedure for finding an
augmenting path, if oneexists, isused. If an augmenting path isfound, thenitis
used to increase the total flow. If no augmenting path is found, then the present
flow is declared maximum and the process terminates.

If the direction of the edgesisignored, an augmenting path P isa simple path
froms tot. Itisusedto add aquantity A > 0 to the total flow by pushing along
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P A additional units of flow. To do this, if an edge e of P is directed in the
directionfromstot, c(e) > f(e) + A must hold. But if e of P isdirected in the
opposite direction, we must be able to reduce its flow from f(e) to f(e) — A.
Thus, f(e) > A must hold.

In attempt to find an augmenting path for agiven flow, alabeling procedureis
used. We first label s. Then, aslong asthereis an unlabeled vertex v for which
an augmenting path from s to v is found, v is labeled. If t is labeled, then an
augmenting path has been found and the labeling processis terminated.

Every vertex v is assigned alabel A(v), which is one of the following:

* A(s) = oo; only vertex s getsthislabel, and it isthe only label s gets.

* A(v) = NIL; inthis case, we say that v hasno label.

* A(v) =(e,0), wheree istheedgethroughwhichv hasbeenassigneditslabel,
o =+ if e hasbeen used forwardly and o = — if e hasbeen used backwardly.

An edge u - v is said to be useful fromw to v if A(w) # NIL, A(v) = NIL
and one of the following conditions holds:

e u-%vand f(e) < c(e). Inthis case, we say that e is forwardly useful.
e v-Suand f(e) > 0. Inthis case, we say that e is backwardly useful.

Algorithm 5.1 describes the labeling procedure, named LABEL. The input
of LABEL consists of the network N and the present flow function f. A(-) is
defined for al vertices. The procedure may modify these labels. Thus, A(-) is
both an input and output. The output of LABEL includesafunction A(-), which
is defined on asubset of E, and its value is a positive real number.

Procedure LABEL (N, f,A,A)

1 whilethereis an edgeu —-v which is useful fromw tov and
A(t)=NIL do
if e isforwardly useful then do
A(v) + (e, +)
Ale) «+ c(e) —f(e)
if e isbackwardly useful then do
Av)  (e,—)
Ale) + f(e)

~NOoO b~ WDN

Algorithm 5.1: The labeling procedure.
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Procedure AUGMENT (G, A\, A, f)

empty Q
A+ o0
v+t (viscaled the center of activity)
whilev # s do
put A(v) into Q
let A(v) = (e, 0)
A+ min{A,A(e)}
let e beu—5-v
vV—Uu
while Q is not empty do
11 remove the first label, (e, o), from Q
12 if o =+ thendo
13 fle)+ f(e)+A
14 else(c=—)do
15 f(e) «+fle)—A

© 00 NO O~ WNPE

(=Y
o

Algorithm 5.2: The augmenting procedure.

If A(t) # NIL when LABEL is terminated, then an augmenting path exists.
The augmenting path isfoundin the AUGMENT procedure and used to change
f and thus, increment F. Thisis presented in Algorithm 5.2.

Theinputto AUGMENT consistsof G(V,E),A(-) and A(+). Theflow function
f is both an input and an output. A queue Q of vertex labelsisused, aswell as
area A —thesevariablesareinternal.

The Ford and Fulkerson procedure is described in Algorithm 5.3 and uses
LABEL and AUGMENT as subroutines. Initialy, f is any legitimate flow in
the network N, and in the absence of better ideas, one can use f(e) = 0 for
every edge e. Thus, theinputis N and f is both an input and an output.

Notethat, if foranedgee € «(s), initialy f(e) =0, thenf(e) isnever changed.
Thesameistruefor anedgee € 3(t).

Asan example, consider the networksshownin Figure5.1. Next to each edge
e we write c(e),f(e), in this order. We assume a zero initial flow everywhere.
A first wave of label propagation might be asfollows: s islabeled, e, isused to
label c, eg isused tolabel d, e4 isusedtolabel a, e3 used tolabel b and finally,
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Procedure FORD-FULKERSON(N, f)

for everyv € V do
A(v) «+ NIL
A(s) + o0
call LABEL(N,f,A,A)
whileA(t) £ NIL do
call AUGMENT (G, A, A, f)
for everyv e V\{s} do
A(v) «+ NIL
call LABEL(N,f,A,A)
10 print “The present flow f is maximum”

© 0O ~NO O WNPE

Algorithm 5.3: The Ford-Fulkerson procedure.

Figure5.1: Anexample of a network.

e7isusedtolabel t. The pathis

sgcﬂdﬁmﬂbﬂn,
A = 4, and the new flow is shown in Figure 5.2. The second augmenting path
may be

sgagbﬁwgd&t,

A = 3 and the new flow is shown in Figure 5.3. The third augmenting path
may be
S ﬂ> a 3 b ﬂ> t,

A = 3andthe new flow isshownin Figure 5.4. Up to now only forward labeling
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Figure 5.4: The example after the third augmenting path.

has been used. In the next application of LABEL, we can still label vertex a
viaes; and vertex b, via ez, both of which are forward labeling, but no further
forward labeling exists. However, e, is useful backwardly, and through it one
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12,10

Figure5.5: The example after the fourth augmenting path.

can label d. Now one can use eg to label t. The augmenting path is
s &> a <e_4 d & t,

A =4, and the new flow is shown in Figure 5.5. Now, the total flow, F, is equal
14. The next application of LABEL doesnot reach t. The set of |abeled vertices
S is{s,a,b} and the forward cut, (S;S) consists of the edges e, es, and e-.
All of these edges are saturated; that is, f(e) = c(e). The backward cut, (S;S),
consistsof one edge, e4, anditsflow isO. Thus, F =¢(S), and by Corollary 5.1,
F ismaximum and ¢(S) is minimum.

It is easy to see that the flow produced by the algorithm remains legitimate
throughout. The definitions of A(-) and A guaranty that forwardly used edges
will not be overflowed, that is, f(e) < c(e), and that backward edges will not
be underflowed, that is, f(e) > 0. Also, since A units of flow are are pushed
from s to t on apath, theincoming flow will remain equal to the outgoing flow
inevery vertex v € V\ {s, t}.

Assuming the Ford and Fulkerson procedure halts, the last 1abeling process
has not reached t. As above, let S be the set of vertices labeled in the last
application of thelabeling process. If e € (S;S), then f(e) = c(e), since e isnot
forwardly useful. If e € (5,S), then f(e) = 0, since e is not backwardly useful.
By Lemmabs.1,

F= > fle)— > fle)= > cle)— > 0=c(S).
ec(S;S) ec(S;S) ec(S;S) ec(S;S)

By Corollary 5.1, F is maximum and c(S) is minimum.
The question of whether the Ford and Fulkerson procedure will always halt
remainsto be discussed. Note first avery important property of the procedure:
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If theinitial flow isintegral, for example, zero everywhere, and if al capacities
are integers, then the algorithm never introduces fractions. The algorithm adds
and subtracts, but it never divides. Also, if t islabeled, theresulting augmenting
pathisused toincreasethetotal flow by at least one unit. Sincethereisan upper
bound on the total flow (any cut), the process must terminate.

Ford and Fulkerson showed that their procedure may fail if the capacitiesare
alowed to beirrational numbers. Their counterexample ([7, p. 21]) displaysan
infinite sequence of flow augmentations. Theflow converges(in infinitely many
steps) to a value which is one-fourth of the maximum total flow. We shall not
present their example here; it is fairly complex, and as the reader will shortly
discover, it is not asimportant any more.

Onecould havearguedthat, for all practical purposes, wemay assumethat the
algorithm is sure to halt. This follows from the fact that our computations are
usually through afixed radix (decimal, binary, etc.) number representation with
abound on the number of digits used; in other words, all figures are multiples
of afixed quantum and the termination proof workshere asit doesfor integers.
However, asimple example shows the weakness of thisargument. Consider the
network shown in Figure 5.6.

Assume that M is avery large integer. If the algorithm starts with f(e) =0
for every e, and aternately uses

s—a—b—t

and

s—b+—a—t

Figure 5.6: An example which demonstrating the possibility that the
Ford and Fulkerson procedure may be inefficient.
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asaugmenting paths, it will use 2M augmentationsbefore F = 2M isachieved.
Thisis exponentia time in terms of the length of the input data, since it takes
only [log,(M + 1)] bitsto represent M.

Edmonds and Karp [4] were first to overcome this problem. They showed
that if Breadth-First Search (BFS) is used in the labeling algorithm and thus,
every augmenting path isashortest one, thealgorithmterminatesin O (V|- |E|?)
time, regardless of the capacities. (Here, of course, we assume that our com-
puter can handle, in one step, any real number.) In the next section we shall
present the more advanced work of Dinitz (see [2]); his agorithm has time
complexity O(|V|? - |E|). A significantly more efficient algorithm was pre-
sented by Goldberg and Tarjan [9], but this algorithm is not described in this
book.

Theexistence of thealgorithm of Edmondsand Karp, or that of Dinitz, assures
that if one proceeds according to a proper strategy in the labeling procedure,
the algorithm isguaranteed to halt (in polynomial time). When it does, thetotal
flow is maximum, and the cut indicated is minimum, thus providing the max
flow min-cut theorem:

Theorem 5.1 Every network has a maximum total flow which is equal to the
capacity of a cut for which the capacity is minimum.

5.3 TheDinitz Algorithm

Asin the Ford and Fulkerson algorithm, the Dinitz algorithm* starts with some
legitimate flow function f and improves it. When no improvement is possible
the algorithm halts, and the total flow, F, is maximum.

Given a network N(G(V,E),s,t,c) and a flow function f, let us define the
secondary network N’(G’(V,E’),s,t,c’) asfollows:

e Forevery e € Esuchthat f(e) < c(e),ec E’.Also,c’(e) =c(e)—f(e). (Such
an edgeis called forwardly useful and c¢’(e) iscalled its residual capacity.)
/

e ForeveryeckE, a -, b such that f(e) >0, thereisan edge b £ ainE’.
Also, ¢’(e’) = f(e). (Such an edgeis called backwardly useful.)

Note that if 0 < f(e) < c(e), then e gives rise to two antiparallel edges in
G’, since it is useful both in the forward and the backward directions. Thus,
[El < [E'[ < 2EL

4 In[3], Yefim Dinitz tells the story of his algorithm, and the differences between his version and
the one presented here (G.E.).
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Procedure LAYER(N',V;, vertex labels, T)

T« 0

whilethereisan edgeu — vin N’, u € V; and v is not labeled, do
T« Tu{v}
|abel v

A OWN P

Algorithm 5.4: Finding the next layer in the BFS of N'.

Before we go into a detailed description of the Dinitz algorithm, here is an
abstract of its structure:

The Dinitz algorithm proceeds in phases. In each phase the current f is used
to produce the corresponding secondary network N’. A layered network, N”/,
is then produced by a BFS on N’, starting from the source s. If the sink t is
not reached, the whole algorithm halts, and the current flow is maximum. If t
isreached, amaximal (or blocking) flow, f”, isfoundin N”. The flow f isthen
augmented, by using f”/, and a new phase is launched.

We now present adetailed description of the Dinitz algorithm and later discuss
its validity and time complexity.

The constructionof N, from N, usesthe BFS layers. The production of the
layersis described in the subroutine LAY ERS, which in turn uses a subroutine
LAYER, described in Algorithm 5.4. The input to LAYER is the secondary
network N, the previouslayer (aset of vertices) V;, and the vertex labels. The
set of |abel ed verficescan changewhen LAY ER isrun (since additional vertices
may get labeled), and is therefore also an output. The set of vertices that may
becomethe next layer is provided by the output T.

TheLAY ERSsubroutineisdescribedin Algorithm 5.5. Theinput to LAY ERS
consist of N’. The output is 1, and if t is reached, the layers are specified in
Vo, V1, ... V1. Obvioudy, 1 <n—1.

If t has been reached, the layered network N”(G”(V",E"),s,t,c”) is
constructed as follows:

o :U%ZOV;L,
"
E{/:{ue—n) | ueVy, ve Vi, e’ €E'},
* B =UioEd,
o foreverye” e E” c”(e”)=c'(e”).
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Procedure LAYERS(N'; Vo, V1, ... Vn_1,1)

Local variables. T aset of vertices, vertex |abels.

label every v € V “unlabeled”
label s
Vo %{S}
i+0
repeat
call LAYER(N',V;, “vertex labels”,T)
i+i+1
Vi T
until tc Tor T=0
ifteTthendo
l+1i
Vi {t}
else (T = () declare: “f isamaximum flow.”

© 0O ~NO O WNLPE

el el
WN RO

Algorithm 5.5: Finding the BFS Layersof N'.

2 3

- -

Figure5.7: An example of amaximal flow in alayered network that
is not maximum.

Next, we construct a maximal, or blocking flow in N””. A maximal flow f”/
is alegitimate flow in N such that no augmenting path of length 1 existsin
the presence of /. A maximal flow may not be maximum, as demonstrated in
Figure5.7. Thetotal flow is 1. Thisflow is not maximum, since thereis aflow
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Procedure FIND-PATH(N", blocking-labels, S)

empty S

push (NIL,s) into S

while S is not empty and t is not the right element in the top pair of S do
let (x,v) bethetop pair on S

if thereis an unblocked edge v i/> v/, then do
push (e’,v’)into S

elsedo
if x £ NIL then label x *blocked’
pop (x,v) from S

O© 00O ~NOOUT B WNBE

Algorithm 5.6: Finding an augmenting path of length1in N”.

for whichthetotal is2. Yet it ismaximal, since on every directed path of length
3froms tot, thereis at least one saturated edge.

Itiseasier to find maximal flow than maximum flow, since the flow in edges
never has to decrease. In other words, no backward labeling of vertices is
necessary.

The procedure MAXIMAL to find amaximal flow in agiven layered network
N startswith "/ (e””) =0 for every e’ € E”. It uses two subroutines: FIND-
PATH and INCREASE-FLOW. Initiadly, all edges are marked “unblocked”.
When an edge becomes saturated, its label changes to “blocked.” Also, if we

1
concludethat the flow inu - v cannot increase since all pathsfromvtotare
blocked, we change the label of e’ to “blocked.”

FIND-PATH is described in Algorithm 5.6. Its input is N”. The blocking-
label sareboth aninput and an output, and the stack S isan output. The procedure
uses a DFS strategy. Aslong as there is an unblocked edge to continue on, we
keep going, and store the sequence of the edges and their end-pointsin a stack
S. Thus, S isastack of pairs, such as (e,v), wherev isthe vertex that e enters.
If t isreached, the sequence of edgesstored in S is adirected augmenting path
from s to t of length 1. If there are no unblocked edges out of the vertex we
have reached, we pop the top edge (and its endpoint) from S, change its label
to *blocked’ and backtrack to the previous vertex on the path. If we are stuck
at s, the search terminates with no edgesin S.

The procedure INCREA SE-FLOW is described in Algorithm 5.7. The pro-
cedureusestwo local variables: S’ isastack of vertices, and A isareal number.
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Procedure INCREASE-FLOW(N", S, f”, blocking-labels)

empty S’
A+ o0
while the pair on top of S isnot (NIL,s) do
pop the top pair (e,v) from S
A+ min{A, ¢’ (e)—f"(e)}
push e into S’
while S’ is not empty do
pop the top edge e from S’
f’(e) « f"(e)+A
10 if f(e) =c”(e) then mark e *blocked’

© 0O ~NO O~ WNEPE

Algorithm 5.7: Increasing the flow in the edges of the augmenting
pathin N”.

N” and S aretheinput, while f”” and the blocking-labelsare both an input and
an output. The augmenting path stored in S is scanned twice. During the first
scan (Lines 3-6), the minimum residual capacity of the edges on the augment-
ing path is computed and recorded in A, and the augmenting path is restored
S’. In the second scan (Lines 7-10), the flow in every edge of the augmenting
path isincreased by A, and if an edge becomes saturated, its label is changed
from “unblocked” to “blocked”. Clearly, at |east one edge on the path becomes
saturated.

The procedure MAXIMAL described in Algorithm 5.8 findsamaximal flow,
f”, in a given layered network N”. The stack S and the blocking-labels are
internal variables. Finaly, we are ready to present the Dinitz algorithm, as
described in Algorithm 5.9. Note that the input to DINITZ is the network N,
and the output is a maximum flow f, in N. All other variables used in the
procedure, such as N/, N”” and all their components, including 1, and f”, are
internal variables.

Lemma 5.3 If procedure DINITZ halts, the resulting f is a legitimate flow
inN.

Proof: First, observe that in each phase the flow f” islegitimatein N”’. The
edge rule is observed since A is chosen in INCREASE-FLOW in a way that
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Procedure MAXIMAL (N”, ")

for every e € E” do
label e *unblocked’
f’(e) <0
run FIND-PATH(N", blocking-labels, S)
while S is not empty then do
run INCREASE-FLOW(N", S, f”,blocking-labels)
run FIND-PATH(N", blocking-labels, S)

~No ok, WNBRE

Algorithm 5.8: Constructing a maximal flow in alayered network N”.

Procedure DINITZ(N;f)

1 foreveryecEdo

2 f(e)=0

3 NN

4  runLAYERS(N’;Vo,Vi1,...,Va_1,1)

5 whilef has not been declared to be maximum do

6 construct N/

7 run MAXIMAL (N ;£")

8 for every e’ € E” do

9 if e’ correspondsto aforward edge e € E then do
10 f(e) < f(e)+1"(e’)

11 dse(u-5v N7, butv -5 1 € N) do
12 f(e) « f(e)—f"(e’)

13 construct N’ from (N, f)

14 run LAYERS(N’; Vo, V1,..., Vo1, 1)

Algorithm 5.9: The Dinitz algorithm.

ensures that no edge is overflowed. The vertex rule is observed, since the flow
is built up by augmenting paths.

By thedefinition of ¢’ and thus, ¢”, when f ischanged by adding (subtracting)
£ to (from) the previous f, the edge ruleis maintained in the edges of G. Also,
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sincef isthe superposition of two flows, each of which observesthe vertex rule,
so does their sum. |

Lemma 5.4 If procedure DINITZ halts, the resulting f is a maximum flow
inN.

Proof: The proof here is very similar to the one in the Ford and Fulkerson
algorithm. Consider thelast phase, in which vertex t isnot reachedin procedure
LAYERS (see Line 13). Let S be the union of Vp, Vi,..., Vi, where V; isthe
last (nonempty) layer before T = () is encountered. Now consider the cuts (S;S)
and (5;S) in G. Every edgeu -5 vin (S;5) issaturated, or else e isuseful from
u e Vi tov,and T isnot empty. Also, for every edgeuiw in(S;S), f(e) =0,
or e isuseful fromv € V; tou, and again, T is not empty. The remainder of the
argument isidentical to that of the Ford-Fulkerson case. [ |

Lemma 5.5 In each phase, except the last, the flow " ismaximal in N,

Proof: Initially, all edges of N’ are unblocked (see Algorithm 5.8). An edge
u -5 v ismarked “blocked” in two cases:

e eissaturated. See Line 10 of Algorithm 5.7.
e Thereisno unblocked edge out of v. See Line 8 of Table 5.6.

In either case, when an edgeis blocked, it is already known that no additional
augmenting path throughitispossible. Thus, when all edgesout of s areblocked,
the flow f”” is maximal. This event is detected by procedure FIND-PATH (see
Algorithm 5.6) by the emptiness of S. |

Lemma 5.6 Therunning time of each phaseis O(|V|-|E|).

Proof: Thetimeit takesto construct N is O(|E|), sinceit isessentially aBFS
onN’,

Notethat in Algorithm 5.6 we traverse edges (see Lines 5-6). If we backtrack
to avertex other than s (Lines 7-9), an edge is marked blocked.

The number of consecutive edge traversals between two blockings of edges
is bounded by 1 for the following reasons:

e |f 1 traversals are performed consecutively without any backtracking, then
t has been reached and an augmenting path is stored in S. Procedure
INCREASE-FLOW is caled and at least one edge becomes saturated and
is marked blocked.
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¢ |tispossiblethat we have backtracked into avertex other than s. In that case,
in less than 1 consecutive traversals, either another backtrack occursor t is
reached, and as in the previous case, at least one edge is marked “blocked”.

Since the number of edgesin N” is O(|E|), and since every edge can be
blocked at most once, the total number of edge traversalsis O (V|- |E|).

It is not hard to see that the time of al other operations in proce-
dure MAXIMAL is bounded by a constant times the number of edge
traversals. [ |

Note that the length of alayered network N’ was denoted by 1. Since we
need to compare lengths of the layered networks of consecutive phases, let us
denote by 1, the length of the layered network of the k-th phase, k > 1.

Lemmab.7 Ifthe (k+ 1)-st phaseis not the lagt, then 1y 1 > k.

Proof: Thereisapath P of length 1, ; inthelayered network of the (k + 1)-st
phase, which starts with s and ends with t:

el ez €l
P:is=vo—=vi—"Vo v, 1 — Vi, =t.

First, let usassumethat all theverticesof P appear in thek-th layered network.
Let V; bethe j-th layer of the k-th layered network. We claim that if v, € V4,
then a > b. Thisis proved by induction on a. For a =0 (vo = s), theclaimis
obviously true. Now, assumevg 1 € V,.

By theinductive hypothesis, (a > b),andif b+1>c,thena+1>b+1>c,
proving the inductive step. However, if b+ 1 < ¢, then the edge e, +1 has not
been used in the k-th phase since it is not even in the k-th layered network,
where al edges are between adjacent layers. If e, 1 has not been used in the
k-th layered network and is useful from v, to v 1 in the beginning of phase
k + 1, then it has been useful fromv, to vq1 in the beginning of phase k, as
well. Thus, v,,1 cannot belong to V. since by the algorithm it belongs to a
previous layer of the k-th network.

Now, inparticular, t =v1, , , € V. Therefore, L1 > L. Also, equality cannot
hold because in this case, the entire P isin the k-th layered network, and if al
its edges are till useful in the beginning of phase k + 1, then the final flow
of phase k was not maximal. This proves the claim of the lemmain the case
that all vertices of P are in the k-th layered network.

If not all the vertices of P appear in the kth layered network, then let v, e“—+>l
vat1 bethefirst edgeof P such that for someb, v, € Vi, butvg 3 isnotinthe
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k-th layered network. Thus, e, 1 was not used in phase k. Since e 1 isuseful
in the beginning of phase k + 1, it was also useful in the beginning of phase k.
Theonly possiblereason for v, 1 not to belongto V.1 isthatb+1=1, and
Va1 #t. Sincet=vy, ,, itfollowsthat a + 1< 1, 1. By theargument of the
previousparagraph, a > b. Thus, lx =b+ 1< a+ 1< lgyg. [ |

Corollary 5.2 The number of phasesis bounded by |V/.

Proof: Clearly, 1; > 1. By Lemma5.7, for the k-th phasg, if it is not the last,
L > k. Since k < Ik < |V|—1, the number of phases, including the last, is
bounded by |V|. [ ]

Theorem 5.2 The Dinitz algorithmterminatesin time O(|V/|?E|) and yields a
maxi mum flow.

Proof: By Corollary 5.2, the number of phases is bounded by |V|. By
Lemma 5.6, each phase requires O(|V| - |E|) time. Thus, the whole algo-
rithm takes O(|V/|?|E|) time to terminate. By Lemma 5.4, the resulting flow
ismaximumin N. [ |

Theorem 5.3 (The max-flow min-cut theorem) Every finite network has a
maximum flow and a minimum cut, and their values are equal.

Proof: By Theorem 5.2 there is a max-flow, and by the proof of Lemma 5.4,
there is a cut of the same value. By Corollary 5.1, this cut is of minimum
value. [ |

5.4 Networkswith Upper and Lower Bounds

Inthe previous sections, we have assumed that the flow in each edgeis bounded
from above by the capacity of the edge, but that the lower bound on the flow in
every edge is zero. The significance of this assumption is that the assignment
of f(e) =0, for every edge e, defines a legitimate flow, and the algorithm for
improving the flow can be started with this zero flow.

Inthissection, in addition to the upper bound c(e) ontheflow in e, we assume
that theflow isalso bounded frombelow by b(e). Thus, theedgeruleischanged
asfollows: The flow f(e), in every edge e, must satisfy

b(e) < fle) <c(e). (5.6)

The vertex rule remains unchanged.
Thus, the problem of finding a maximum flow in a given network
N(G(V,E),s,t,b,c) isdivided into two subproblems. First, check whether N
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@ 0,1 @ 2,3 @

Figure5.8: An example of anetwork which has no legitimate flow.

has legitimate flows, and if the answer is positive, find one. Second, increase
thisinitial flow and find a maximum flow.

A simple example of a network that has no legitimate flow is shown in
Figure 5.8. Here, next to each edge e wewrite b(e),c(e).

Thefollowing method for testing whether agiven network N has alegitimate
flow function is due to Ford and Fulkerson [7]. It reduces the problem to one
of determining a maximum flow in an auxiliary network N(G(V, E),5,1,¢), in
which all lower bounds are zero. Here, § is called the auxiliary source, and t
is called the auxiliary sink. In the auxiliary flow problem, s and t are not the
source and the sink anymore and must satisfy the vertex rule. We shall show
that the original N has legitimate flows if and only if the maximum flow in N
satisfies a condition to be specified shortly.

N is defined as follows:

(i) V=VU{5,1}, where s and t are two new vertices.
(i) E=EUSUT U{e’,e"}, where S, T and {e’,e”} are sets of new edges
defined as follows:
S={§—vlveV},

T=v—1t|veV)
/ "
ands S tandt S s.
(iii) c: E— R>%U{oo} isdefined separately for each of thefour sets of edges:

— Foreck,

é(e) =c(e) —Db(e). (5.7)
— For§ -2 v,8(0) = Y cc o ble)
— Forv -1, 8(1) = e ble)

— &(e')=oc0andé(e”) = 0.

L et usdemonstrate this construction on the network shownin Figure 5.9. The
auxiliary network is shown in Figure 5.10. The upper bounds are shown next
to the edges to which they apply.

Now we can use the Ford and Fulkerson or the Dinitz algorithm to find a
maximum flow in the auxiliary network. It isleft to the reader to verify that the
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Figure5.9: Anexampleof anetwork for which wewant to determine
whether it has alegitimate flow.

Figure5.10: Theauxiliary network of the example network.

maximum total flow in the auxiliary network of our exampleis 16. We return
to this example shortly.

Theorem 5.4 The original network N has a legitimate flow if and only if the
maximum flow of the auxiliary network N saturates all the edges emanating
from3; that is, all edgesof S.

Clearly, if all edgesof S are saturated, then so areall edgesof 7. Thisfollows
from the fact that every edge e € E contributesb(e) to the capacity of one edge
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in S and of one edge in 7. Thus, the sum of capacities of edges of S is equal
to the sum of capacities of edgesof 7.

Proof: First, weprovethesufficiency of the condition. Assumethat amaximum
flow function f of N saturatesall edgesof S. Definethefollowing flow function
f, for N: For every e € E,

f(e) =b(e) +f(e). (5.8)
Since f satisfiesthe edgerulein N, it follows that

0

N

fe) <&(e). (5.9

Thus,
b(e) <ble)+f(e) <ble)+E(e).

By Equations 5.8 and 5.7, one gets
b(e) < f(e) <cle), (5.10)

and f satisfies the edgerule.
Now, letv € V\ {s,t}. We remind the reader that «(v) isthe set of edgesthat

entervin G, and 3 (v) isthe set of edgesthat emanatefromvin G. Let 3 By

be the new edge that entersv in G, and v T, T bethe new edge that emanates
fromvin G. Since f satisfies the vertex rulein N, we have

> fle = > fle (5.11)

ecx(v) eep(v)
By the assumption, o and T are saturated. Thus,
> fle =) fle
ecu(v) eep(v)
By the definitions of ¢(o) and &(t), it follows that
> fle)+ Y ble)= ) fle)+ > ble).
ecu(v) ecu(v) eep(v) eep(v)

By Equation 5.8 and merging the sums on each side of the equation, one gets

> fle)= ) fle (5.12)

ecx(v) eeB(v)
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and the vertex ruleis proved. Thus, f islegitimatein N.

Next, we prove the necessity of the condition. Assume there is a legitimate
flow f in N. Let us show that there is a maximum flow f in N for which all
edges of S are saturated.

The steps of the previous proof are reversible, with minor modifications. For
an edge e € E, use Equation 5.8 to define f(e). For an edge ¢ € S, define
f(o) =¢(0), andfor T € T definef(t) =&(t). Finaly, if F > Oisthetotal flow
according to f, define f(e”) =F and f(e’) =0, and if F < 0, define f(e”) =0
and f(e’) = —F.

To show that f observesthe edgerule, al we need to do is show it for e € E;
obviously, in the remaining edges, f isdefined in away which satisfiesthe edge
rule. Sincef islegitimatein N, it satisfies Equation 5.10. By Equations 5.8 and
5.7, one concludesthat Equation 5.9 holds.

To show that f observesthe vertex rule, first consider avertex v e V\ {s, t}.
Since f observes the vertex rule in N, Equation 5.12 holds. By reversing the
steps of the proof above, one gets Equation 5.11, which impliesthat v satisfies
the vertex rule.

Finally, for vertex s, f satisfiesthe vertex rulefor thefollowing reasons. In N,
s may not be balanced. If F > 0, then the total outgoing flow is F units greater
than the total incoming flow. The total outgoing flow in N in edgesof (s) and
inTisasitisin N, and the total incoming flow in N in edges of «(s) andin o
isalso asin N. However, f(e”) causes the incoming and outgoing total flows
to balance. Similar arguments show that the total flow in t is balanced as well,
and that both s and t are balanced when F < 0. |

Let us demonstrate the technique for establishing whether the network has a
legitimate flow, and finding oneinthe casetheanswer ispositive, on our example
(Figure 5.9). First, we apply the Dinitz algorithm to the auxiliary network of
Figure 5.10 and end up with the flow, asin Figure 5.11. The maximum flow
saturates all edges that emanate from §, and we conclude that the original
network has a legitimate flow. We use Equation 5.8 to define a legitimate flow
in the original network; thisis shown in Figure 5.12. (Next to each edge e we
writeb(e),c(e), and f(e), in this order.)

Once a legitimate flow f has been found in N, we turn to the question of
optimizing it. First, let us consider the question of maximizing the total flow.
OnecanusetheFord and Fulkerson a gorithm, except that thebackward 1 abeling
must be redefined asfollows. An edgev & uis backwardly useful for labeling
vertex v, if
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Figure5.11: A maximum flow intheauxiliary network of theexample
network.

Figure5.12: A legitimate flow in the original example network.

(i) wislabeled and v isnot,
(i) f(e) >Db(e).

Thelabel that v getsis (e,—). Inthiscase, Line 7 of the procedure LABEL (see
Algorithm 5.1) is changed to

Ale) «+ f(e) —b(e).
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With this exception, the algorithm is exactly as described in Section 5.2. The
proof that the flow is maximum when the algorithm terminates is similar, but
we need to redefine the capacity of acut determined by S (see Equation 5.4) as

follows:
c(S)= > cle)— > ble).

ee(S;5) ec(§;9)

It iseasy to prove that a statement just like Lemma 5.2 still holds; namely,
F<c(S).

Now, the set of labeled vertices S, when the a gorithm terminates, satisfies this
inequality by equality. Thus, the flow is maximum, and the indicated cut is
minimum.

Clearly, the Dinitz algorithm can also be used. It is|eft as an exercise for the
reader to make the necessary changes.

In certain applications, what we want isaminimum flow, that is, alegitimate
flow function f for which the total flow F is minimum. Consider a network
N(G(V,E),b,c), where function b : E — R specifies the lower bounds on the
flow in the edges, and c : E — R specifies the upper bounds on the flow in the
edges. Let s,t € V be any two vertices. Denote by f: E — R alegitimate flow
function of the network (G(V,E),s,t,b,c), where s playstherole of the source
and t plays the role of the sink. Also, let F ; be the corresponding total flow.
Clearly, f is legitimate in (G(V,E),t,s,b,c) as well, where the roles of the
source and the sink are reversed. Also,

Fs,t = _Ft,s .

It follows that f is a minimum flow in (G(V,E),s,t,b,c) if and only if fisa
maximum flow in (G(V,E), t,s,b,c). Thus, our techniques solve the problem
of minimizing the total flow by simply exchanging the rolesof s and t.

Foraset{s} C S C V\/{t}, let usdefine c(S), (the value of the cut (S;S) for
minimum flow purposes) as follows:

Clearly, ¢(S) =—c(S). Now, assumefisamaximumflowin (G(V,E), t,s,b,c).
By the max-flow min-cut theorem (Theorem 5.3), which also applies to net-
workswith lower and upper bounds, provided they have legitimate flows, there
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isacut defined by some{s} € S € V'\ {t}, such that

F‘t,s - C(S) .
Thus,
7FS,1’. - 72(5) )
and
Fs,t :Q(S) .

One can prove and use a lemma similar to Lemma 5.2, with the inequality
reversed. Thus, ¢(S) is maximum. It follows that for networks with lower and
upper bounds, which have legitimate flows, amin-flow max-cut theorem holds.

5.5 Problems
Problem 5.1 Find a maximum flow in the network shown below.

The number next to each edge is its capacity. Show a minimum cut. How
many minimum cuts can you find?

Problem 5.2 Inthe following network x1, x2, x3, are al sources (of the same
commodity). The supply available at x; is 5, a x; is 10, and at x3 is 5. The
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verticesy1, Yz, ys, are al sinks. The demand required at y; is 5, at y» is 10,
and at y3 is 5. Find out whether all requirements can be met simultaneously.
(Hint: One way of solving this type of problem is to reduce it to the familiar
one-sourceone-sink format. Introduce auxiliary source s and sink t. Connect s
to x; through a directed edge of capacity equal to x;’s supply. Connect each y;
to t through adirected edge of capacity equal toy;’sdemand. Find amaximum
flow in the resulting network, and observe whether all demands are met.)

Problem 5.3 In the following network, in addition to the capacities of the
edges, each vertex other than s and t has an upper bound on the flow that may
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flow through it. These vertex capacities are written below the vertex labels.
Find a maximum flow for this network. (Hint: One way of solving this type
of problem is to replace each vertex v by two verticesv’ and v" with an edge
v €537 where c(e) isthe upper bound on the flow through v. All edgesthat
previously entered v now enter v/, and all edgesthat previously emanated from
v now emanate fromv”’.)

Problem 5.4

(1) Describean aternativelabeling procedure, like that of Ford and Fulkerson,
for maximizingthe flow, except that thelabeling startsat t, and if it reaches
s, an augmenting path is found.

(2) Demonstrate your algorithm on the following network:

(3) Describe a method of locating an edge with the property that increasing
its capacity increases the maximum flow in the network. (Hint: One way
of doing thisis to use both source-to-sink and sink-to-source labelings.)
Demonstrate your method on the network above.

(4) Does an edge like this always exist? Prove your claim.

Problem 5.5 In a network N(G(V,E),s,t,c), there are two sets, {s} C S; C
V\{t}and{s} C S, ¢ V\ {t}, and each of them defines a minimum cut. Prove
that each of S; US, and S1 N S, defines a minimum cut as well.

Problem 5.6 Let f be amaximum flow in N(G(V,E),s,t,c), where all edge
capacitiesarepositiveintegers, andfor every e € E, f(e) isanonnegativeinteger.
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The capacity of u %, v is reduced by one unit. It is necessary to find a
maximum flow in the new network.

Describe an algorithm to achieve this goal whose time complexity is O(|EJ).
(Hint: Without loss of generality, assume f(e) = c(e). If there is a directed
circuit via e that carries flow, reduce the flow on every edge of the circuit by
one unit. If not, first locate a directed path from s to t via e that carries flow,
and reduce the flow in every edge of the path by one unit, and then look for an
augmenting path from s to t in the new network.)

Problem 5.7 Let G(V,E) be a finite directed graph without parallel edges.
Describe an algorithm that is amodification of the algorithm of Ford and Fulk-
erson for finding amaximum flow in agiven network N(G, s, t,c), except that,
in each stage, one looks for an augmenting path for which A, the value by
which the flow isincreased, is maximum. The time complexity of finding each
such path should be O(|V/|?). (Comment: This algorithm can be shown to be
polynomial; see[4].)

Problem 5.8 In the following network, the capacities of the edges are written
next to them. Usethe Dinitz a gorithmto find its maximum flow when theinitial
flow is zero everywhere. How many phases are therein which t is reached?

2. N2 N2 )2

Problem 5.9 A flow in anetwork issaid to have circuitsif thereis at least one
directed circuit such that on all its edges the flow is positive. Such a circular
flow is superfluous since it contributes nothing to the total flow.
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e Show that if we start with zero flow everywhere and use the Dinitz algorithm
to find a maximum flow, we may end up with a flow that has circuits. (Hint:
Consider the graph depicted in Figure 5.13.)

O

O~~~

Figure5.13: Hint for Problem 5.9.

e Describe an O(|E|?) algorithm to removeall circular flow from a given flow
function.

Problem 5.10 Let N(G(V,E),c) be a network where G is a finite directed
graph, and c is a capacity function on the edges. For every x,y € V, let F,
denote the maximum flow in case x is the source and y is the sink.

Provethat for every three verticesu,v,w € V, F,, > min{F.,,,Fyw}.

Problem 5.11 Provethat in a network with alower bound b(e) > 0 for every
edge e, but no upper bound (c(e) = o0), thereis alegitimate flow if and only
if for every edge e, for which b(e) > O, either e isin adirected circuit or e is
in a directed path from s to t or from t to s. Show that in such a network, a
legitimate flow can be found intime O(|V/| - |E|).

Problem 5.12 Find aminimumflow from s to t for the network of Problem5.1,
where the numbers next to the edges are now assumed to be lower bounds, and
there are no upper bounds.

Problem 5.13 The two networks shown below have both lower and upper
bounds on the flow through the edges. Which of the two networks has no
legitimate flow? Find both a maximum flow and a minimum flow if a legit-
imate flow exists. If no legitimate flow exists, display a set of vertices that
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includes neither the source nor the sink and is required to “produce” flow or to
“absorb” it.>

(b)

Problem 5.14 Prove that a network with lower and upper bounds on the flow
in the edges has no legitimate flow if and only if there exists a set of vertices
which includesthe neither source nor thesink and isrequired to “produce” flow
or to “absorb” it.

5 A set of vertices A C V \ {s,t} isrequired to absorb flow if

) ble)> ) cle).

ec(AA) e€(A;A)
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5.6 Notesby Andrew Goldberg

The augmenting path algorithm is due to Ford and Fulkerson [7, 6]. Dinitz [2]
developed the blocking flow algorithm, which runs in polynomial time. The
observation that augmenting along a shortest path leads to a polynomial-time
a gorithm has been madeindependently by Edmondsand Karp[4]. A moreeffi-
cient, O(|V|®), variant of the blocking flow algorithm based on preflowsis due
to Karzanov [12]. Sleator and Tarjan [14] used the dynamic tree data structure
to improve this bound to O(|V||E|log|V]). This has been further improved to
O(|VIIEllog(|VI?/[E])) by Goldberg and Tarjan [10].

Goldberg and Tarjan [9] developed the push-relabel method that uses pre-
flowsand the push operation similar to Karzanov’salgorithm. However, instead
of building a layered network, the algorithm uses the relabel operation for
fine-grains updates of vertex distances. The push-relabel method leads to the
best currently known, strongly polynomia bound of King et a. [13]. This
bounds comes very close, but does not quite achieve, O(|V||E|). The push-
relabel algorithm is also highly practical when used in combination with
efficiency-enhancing heuristics[1].

Karzanov [11] and, independently, Even and Tarjan [5] have shown that
on unit capacity networks, the blocking flow algorithm agorithm runs in
O(min(([E|*2,|VI?/3)[E|) time. This leaves a polynomia gap between the
general and the unit-capacity cases.

When talking about shortest augmenting paths, one has to assign lengths
for residual edges. All polynomial-time algorithms mentioned above use the
unit length function. Edmonds and Karp [4] observed that one can use
other length functions. However, for a long time nobody was able to use
this observation to improve the time bounds. Goldberg and Rao [8] use the
binary length function (zero for high- and one for low-capacity edges) to get
an O(min((|E|1/2,|V|2/3)|E|Iog% logU) bound for networks with integral
capacitiesin the range [1, U]. This closes the gap between the general and the
unit-capacity case.
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6
Applications of Network Flow Techniques

6.1 Zero-One Network Flow

Several combinatorial problemscan be solved through network flow techniques.
In the networks we get, the capacity of all the edges is one. To get better
algorithms with lower time complexities, we need to study these network flow
problems. We follow here the work of Even and Tarjan [1].

Consider a maximum flow problem where for every edge e of G(V,E),
cle)=1

The first observation is that in the Dinitz algorithm for maximal flow in a
layered network, each time we find a path, all the edges on it become blocked,;
in case the last edge leads to a dead end, we backtrack on this edge, and it
becomes blocked. Thus, the total number of edge traversalsis bounded by |E|,
and the whole phaseis of time complexity O(|E|). Since the number of phases
is bounded by [V|, the Dinitz algorithm for maximum flow is of complexity
O(VI-[E).

Our first goal isto prove abetter bound yet: O(|E|*/?). However, we need to
prepare a few results beforehand.

Let G(V,E) be a 0-1 network in which c(e) = 1 for al e € E with some
integral legal flow function f. Define G(V, E) asfollows:

(i) Ifu-55vinG,andf(e) =0, thene € E.

/ ~
(i) If u«& vinG, and fle) =1, thenu -5 visin G. Clearly, e’ isanew
edge that correspondsto e.

Thus, |E| = |E|. Clearly, the useful edges of the layered network that is con-
structed for G with present flow f, with their direction of usefulness, are all
edgesof G.

117
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Let usdenoteby (S1S)g, wheres €S,t ¢ S,andS =V — S, the set of edges
that emanate from a vertex of S and enter avertex of S, and let c(S, G) be the
capacity of the corresponding cutin G. Also, let M bethe total maximum flow
in G, while F isthe total present flow.

Lenma6.1 M =M —F.
Proof: Let S be asubset of V suchthat s € S and t ¢ S. The definition of G
impliesthat

c(8,6)=1S:8)gl= Y (A—fle)+ Y  fle).

ec(s;S)g ee(S;S)g

However,

Thus,

c(S,G)=1(S;S)g| —F=c(S,G)—F.
This implies that the minimum cut of G corresponds to the minimum cut
of G; that is, is defined by the same S. By the max-flow min-cut theorem
(Theorem 5.1), the capacity of aminimum cut of G is M (the maximum total
flow in G). Thus, the lemmafollows. [ |

Lemma 6.2 The length of the layered network for the 0-1 network defined by
G(V,E) (withagiven s and t) and zero flow everywhereis at most [E|/M.

Proof: We remind the reader that V; is the set of vertices of the i-th layer of
the layered network, and E; isthe set of edgesfrom V;_; to V;. Sincef(e) =0
for every e € E, the useful directionsare all forward. Thus, every E; isequal to
(S;S)g, where S = VoU Vi U...UV;_1. Thus, by Lemma5.1,

M < [Eql. (6.1)

Summing up (6.1), for every i =1,2,...,1 where 1 isthe length of the layered
network, weget 1- M < |E|, or

L<[El/M.

Theorem 6.1 For 0-1 networks, Dinitz’s algorithm is of time complexity
O(IEF2).
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Proof: If M < |E|*/?, then the number of phases is bounded by [E|*/?, and
the result follows. Otherwise, consider the phase during which the total flow
reaches M — |E|*/2. Thetotal flow F in G(V,E) when the layered network for
this phase is constructed satisfies

F<M—[EY2

Thislayered network isidentical with the one constructed for G, with zero flow
everywhere. Thus, by Lemma6.1;

M=M-—F> V2
By Lemma 6.2, thelength 1 of thislayered network satisfies
L< [El/M < [El/[EIY? = [EIY2,

Therefore, the number of phases up to this point is at most [E|*/? — 1, and since
the number of additional phasesto completionisat most |E|*/?, thetotal number
of phasesis at most 2|E|"/2. ]

A 0-1 network is of type 1 if it has no parallel edges. For such a network we
can proveanother upper bound on the time complexity. First, we provealemma
similar to Lemma6.2.

Lemma 6.3 Let G(V,E) define a 0-1 network of type 1, with maximum total
flow M from s to t. The length 1 of the first layered network, when the flow is
zero everywhere, is at most 2|V|/ M2,

Proof: LetV; bethe set of vertices of the i-th layer. Since there are no parallel
edges, the set of edges, Ei1, from V; to Vi1 in the layered network satisfies
[Eival < Vil [Viyq| foreveryi=0,1,...,1— 1. Since each |E;] is the capacity
of acut, we get that

M < |Vi| - [Vigal.

Thus, either Vi > M2 or [V;,1| > M2, Clearly,

Thus,
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and

and the lemma follows. [ ]

Theorem 6.2 For 0-1 networksof type 1, Dinitz’salgorithmhastime compl exity
O(IVI¥3-[E)).

Proof: If M < [V|%/3, the result follows immediately. Let F be the total flow
when thelayered network, for the phase during which the total flow reachesthe
value M —|V|%/3, is constructed. Thislayered network isidentical with the first
layered network for G with zero flow everywhere. G may not be of type 1 since
it may have parallel edges, but it can have at most two parallel edges from one
vertex to another; if e; and e, are antiparale in G, f(e;) =0 and f(ez) =1,
thenin G therearetwo parallel edges: e; and e,. A result similar to Lemma6.3
yields that

1< 2%2)v|/MY/2,
SinceM=M—F>M—(M—[V%3) = |V|?/3, we get

23/2|V| 3
_23/2 |\/2/3
L< fyam =2 VIR,

Thus, the number of phases up to this point is O(|V|%/2). Since the number of
phases from here to completion is at most |V|%/3, the total number of phasesis
O(IVI#3). n

In certain applications, the networks that arise satisfy the condition that for
each vertex other than s or t, thereis either only one edge emanating fromiit or
only one edge entering it. Such 0-1 networks are called type 2.

Lemma6.4 LettheO-1networkdefinedby G(V, E) beof type 2, with maximum
total flow M froms to t. Thelength 1 of the first layered network, when the flow
is zero everywhere, isat most (|V|—2)/M + 1.

Proof: The structure of G implies that a max-flow in G can be decomposed
into vertex-digoint directed paths from s to t; that is, no two of these paths
share any vertices, except their common start-vertex s and end-vertex t. (The
flow may imply some directed circuits that are vertex-digoint from each other
and from the paths above, except possibly at s or t. These circuits are of no
interest to us). The number of these pathsis equal to M. Let A bethelength of a
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shortest of these paths. Thus, each of the paths uses at least A — 1 intermediate
vertices. We have
M-(A-1)<|V|-2,

which implies A < (|V| — 2)/M + 1. However, 1 < A. Thus, the lemma
follows. u

Lemma6.5 If the0-1 network defined by G is of type 2, and if the present flow
functionis f, then the corresponding G also defines a type 2, 0-1 network.

Proof: Clearly G definesa0-1 network. What remains to be shown is that in
G, for every vertex v, there is either one emanating edge or only one entering
edge. If there is no flow through v (per f), then, in G, v has exactly the same
incident edges, and the condition continuesto hold. If the flow going throughv
is 1, (clearly, it cannot be more) assume that it entersviae; and leavesviae;.
In G, neither of these two edges appears, but two edges e and e} are added,
which have directions oppositeto e; and e;, respectively. The other edgesof G
that areincident to v remain intact in G. Thus, the numbers of incoming edges
and outgoing edges of v remain the same. Since G isof type 2, s0is G. |

Theorem 6.3 For a 0-1 network of type 2, Dinitz’s algorithm is of time
complexity O([V[¥2.|E|).

Proof: If M < |[V|*2, then the number of phases is bounded by [V|*/?, and
the result follows. Otherwise, consider the phase during which the total flow
reaches the value M — [V|¥/2, Therefore, the layered network for this phaseis
constructed when F < M — |V|*/2. This layered network is identical with the
firstfor G, with zero flow everywhere. Also, by Lemmaé6.5, G isof type2. Thus,
by Lemma 6.4, thelength 1 of the layered network isat most (|V|—2)/M + 1.
Now, M=M—F>M — (M —|V|*/2) =|V|¥/2, Thus,

V|-2
1< ||V|W+1=O(|V|l/2)_

Therefore, the number of phases up to this oneis at most O(|V|*/?). Since the
number of phases to completion is at most |V|*/2 more, the total number of
phasesisat most O(|V|[*/2). [ ]

6.2 Vertex Connectivity of Graphs

Intuitively, the connectivity of a graph is the minimum number of elements
whose removal from the graph disconnect it. There are four cases. We may
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discuss undirected graphsor digraphs; we may discussthe elimination of edges
or vertices. We start with the problem of determining the vertex-connectivity
of an undirected graph. The other cases, which are smpler, are discussed in the
next section.

Let G(V,E) be afinite undirected graph, with no self-loops and no parallel
edges. A set of vertices, S, iscalled an (a,b) vertex separator if {a,b} C V'\ S,
and every path connecting a and b passes through at least one vertex of S.
Clearly, if a and b are connected by an edge, no (a,b) vertex separator exists.
Let a-~b mean that there is no such edge. In this case, let N(a,b) be the
least cardinality of an (a,b) vertex separator. Also, let p(a, b) bethe maximum
number of pairwise vertex-digoint paths connecting a and b in G; clearly, al
these paths share the two end-vertices, but no other vertex appears on morethan
one of them.

Theorem 6.4 If a-~b then N(a,b) =p(a,b).

This is one of the variations of Menger’s theorem [2]. It is not only rem-
iniscent of the max-flow min-cut theorem, but can be proved by it. Dantzig
and Fulkerson [3] pointed out how this can be done, and we shall follow their
approach.

Proof: Construct adigraph G(V,E) asfollows. For every v € V put two vertices
v/ andv” in V with an edge v’ Evo v For every edgeu—5-v in G, put two

edgesu” € v andv” €5 u in G. Define now anetwork, with digraph G,
source a”’, sink b’, unit capacities for all the edges of the e, type (let us call
them internal edges), and infinite capacity for al the edges of the e’ and e”
type (called external edges). For example, in Figure 6.1(b) the network for G,
as shown in Figure 6.1(a), is demonstrated.

We now claim that p(a,b) isequal to the total maximum flow F (from a” to

b’) in the corresponding network. First, a$ume wehavep(a,b) vertex digoint
pathsfrom a to b in G. Eachsuch path, a € vy €21, €3 G-1y, €y
indicates adirect path in G:

!

! /
e €3 €11 , el b/

€y v -1
a’ —>v14v1 —>v24v§’—>...—>vl 1 —> I

These directed paths are vertex-digoint, and each can be used to flow one
unit from a” tob’. Thus,

F>p(a,b).
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Figure 6.1: Construction in the proof of Theorem 6.4

Next, assume f is a flow function which achieves a maximum total flow F in
the network. We may assume that f(e) is either zero or one, for every e € E.
Thisfollows from the fact that one can use the Ford and Fulkerson algorithm,
or the Dinitz algorithm, in which the flow is always integral. Also, the edges
with infinite capacity enter avertex with asingle outgoing edge whose capacity
isone and which must satisfy the conversation rule (C2), or they emanate from
avertex with only one incoming edge of unit capacity which is subject to C2;
thus, the flow through them is actually bounded from above by one. (We have
assigned them infinite capacity for convenience reasons, which will become
clear shortly.) Therefore, the total flow F can be decomposed to paths, each
describing the way that one unit reaches b’ from a”. These paths are vertex-
digoint, since the flow through v’ or v”, if v € {a, b}, is bounded by one. Each
indicatesapathin G. These F pathsin G are vertex-digoint too. Thus,

F<p(a,b).

We concludethat F =p(a,b).
By the max-flow min-cut theorem, F isequal to the capacity c(S) of some cut
defined by some S  V, suchthat a” € Sand b’ ¢ S. Since

e€(S;S)

the set (S;S) consists of internal edges only. Now, every directed path from
a” tob’ in G uses at least one edge of (S;S). Thus, every path froma to b
in G uses at least one vertex v such that e, € (S;S). Therefore, the set R =
{(viveVande, €(S;S)}isan (a,b) vertex separator. Clearly [R| = c(S).
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Thus, we have an (a,b) vertex separator whose cardinality is F. Proving that
N(a,b) <F<p(a,b).

Findly, it is easy to see that N(a,b) < p(a,b), since every path from a
to b uses at least one vertex of the separator, and no two paths can use the
same one. ]

The algorithm suggested in the proof, for finding N(a,b), when the Dinitz
algorithm is used to solve the network problem, is of time complexity
O([V|*2.|E]). This results from the following considerations. The number of
verticesin G is 2|V/|; the number of edgesis |V|+ 2|E|. Assuming [E| > |V], we
have V| = O(|V]|) and |E| = O(|E|). Since we can assign unit capacity to all the
edges without changing the maximum total flow, the network is of type 2. By
Theorem 6.3, the algorithm is of time complexity O(|V|*/2-|E|). We can even
find aminimum (a, b) vertex separator as follows: Oncethe flow is maximum,
change the capacity of the external edges back to oo and apply the construction
of the layered network. The set of vertices which appear aso in this layered
network, S, defines a minimum cut which consists of internal edges only. Let
R be the vertices of G which correspond to the internal edgesin (S;S). Risa
minimum (a, b) vertex separator in G. Thisadditionwork is of time complexity
O([e.

The vertex connectivity, c, of an undirected graph G(V,E) is defined as
follows:

(i) If G iscompletely connected, (i.e., every two vertices are connected by an
edge), thenc =|V|—1.
(i) If G isnot completely connected, then

c= min N(a,b).
a7Lb

Lemma 6.6 If G isnot completely connected, then

an;iLfLP(a,b) =minp(a,b);

namely, the smallest value of p(a, b) occursalso for sometwo vertices a and
b that are not connected by an edge.

Proof: Let a,b beapair of vertices such that a-Sb andp(a,b) isminimum
over al pairs of vertices of the graph. Let G’ be the graph obtained from G by
dropping e. Clearly, the number of vertex disjoint paths connectinga and b in
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G’,p'(a,b), satisfies
p/(a!b) :p(a-b) -1

Also, sincea—4bin G/, thenby Theorem 6.4, thereisan (a, b) vertex separator
Rin G’ suchthat p’(a,b) =|R|.

If [R|=|V|—2,thenp(a,b) =|V|—1, and p(a,b) cannot be the least of all
{p(w,v) Ju,v eV} sincefor any u+4v, p(u,v) <|V|—2. Hence, [R| < |V|—2.
Therefore, there must be somevertex v € V— (RU{a, b}). Now, without | oss of
generality, wemay assumethat Risalso an (a,v) vertex separator (or exchange
a and b). Thus, a-~vin G and RU{b}isan (a,v) vertex separator in G. We
now have

pla,v) <[R[+1=p(a,b),

and the lemmafollows. [ |
Theorem 6.5 ¢ =ming v p(a,b).

Proof: If G is completely connected, then for every two vertices a and b,
p(a,b) =|V|—1, and the theorem holds. If G is not completely connected,
then, by definition,

c¢= min N(a,b).
(17Lb
By Theorem 6.4, mina+bN(a,b) =mina+bp(a,b). Now by Lemma 6.6,
mina+bp(a,b)=mina,bp(a,b). |

We can use the intermediate result,

c¢= min p(a,b),
a%ﬁp( )

to compute the vertex connectivity of G with time complexity O(|V[*/2- [E|).
However, adlightly better bound can be obtained.
Lemma6.7 c < 2[E|/|V].

Proof: The vertex (or edge) connectivity of a graph cannot exceed the degree
of any vertex. Thus,
c<mind(v).

Also,

> d(v)=2-[El.

Thus, min, d(v) < 2-|E|/|V], and the lemmafollows. [ |
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Procedure VERTEX-CONNECTIVITY (V,E)

1 Order the verticesvy, vy, ..., v}y insuch away that vi /v for somev.
2 vy o0

3 i«1

4  whileigydo

5 for every v such that vi -~v do

6 Y« min{y,N(vi,v)}

7 returnvy.

Algorithm 6.1: Constructing the vertex connectivity of agraph G =
(V,E) that is not completely connected.

A procedure to find the vertex connectivity ¢ of a graph G that is not
completely connected is listed in Algorithm 6.1.

Theorem 6.6 Theprocedure VERTEX-CONNECTIVITY terminateswithy =c.

Proof: Clearly, after the first computation of N(vi,v) for some v;-Av,
v satisfies

c<y< V-2 (6.2)

From there on, -y can only decrease, but (6.2) till holds. Thus, for some
k < |V|—1, the procedure will terminate. Whenitdoes, k >vy+1>c+1.

By definition, ¢ equal to the cardinality of a minimum vertex separator R of
G. Thus, at least one of the verticesvy, va, ..., vk isnotin R, say v;. R separates
the remaining vertices into at least two sets, such that each path from a vertex
of one set to a vertex of another passes through at least on vertex of R. Thus,
there exists avertex v such that N(v;,v) < |R| = ¢, and thereforey < c. [ |

Clearly, the time complexity of this procedure is O(c - [V[¥/2 - [E]). By
Lemma6.7, thisis bounded by O(|VY/2.E[?).

If ¢ =0, then G isnot connected. We can use DFS (or BFS) to test whether this
isthecasein O(JE|) time. If ¢ = 1, then G isseparable, and aswe saw in Section
3.2, this can be tested also by DFSin O(|E|) time. This algorithm determines
asowhether ¢ > 2, that is, whether it isnonseparable. Beforewe discusstesting
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for agiven k, whether ¢ > k, let us consider the following interesting theorem
about equivalent conditions for G to be nonseparable.*

Theorem 6.7 Let G(V,E) bean undirected graphwith |V| > 2 and no isolated
vertices. ? The following six statements are equivalent.

1. G isnonseparable.

2. For every two vertices x and y there exists a simple circuit which goes
through both.

3. For everytwo edgese; and e; there existsa simplecircuit which goesthrough
both.

4. For every two verticesx andy and an edge e there exists a simple path from
x toy which goesthrough e.

5. For every three vertices x, y and z there exists a simple path from x to z
which goesthroughy.

6. For every three vertices x, y and z there exists a simple path from x to z
which avoids

Proof: First we provethat (1) is equivalent to (2).

(1) = (2): Since G is nonseparable, ¢ > 2. By Theorem 6.5, for every two
verticesx and y p(x,y) = 2; thus, thereis asimple circuit that goes through x
andy.

(2) = (1): Therecannot exist aseparation vertexin G, since every two vertices
lie on some common simple circuit.

Next, let us show that (1) and (3) are equivalent.

(1) = (3): From G construct G’ as follows. Remove the edges u; BN V1
and u; L2, v, (without removing any vertices). Add two new vertices, x and
y, and four new edges: u; — x — vj, up — y — v,. Clearly, none of the
old vertices become separation vertices by this change. Also, x cannot be a
separation vertex, or either u; or v, are separation verticesin G. (Here, |V| > 2
isused.) Thus, G’ is nonseparable. Hence, by the equivalence of (1) and (2),
G’ satisfies (2). Therefore, there existsasimplecircuit in G’ that goes through
x andy. Thiscircuit indicates a circuit through e; and e, in G.

(3) = (1): Let x and y be any two vertices. Since G has no isolated vertices,
thereisan edgee; incidentto x and anedge e, incidenttoy. (If e; = e, choose
any other edgeto replace e,; the replacement need not even beincident toy; the
replacement exists sincethereis at least one other vertex, and it is not isolated.)

1 Many authors use the term “biconnected” to mean nonseparable. | prefer to call agraph
biconnected if c = 2.
2 Namely, for every v € V,d(v) > 0. G has been assumed to have no self-loops.
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By (3) thereisasimplecircuit through e; and e, and thereforeacircuit through
x andy. Thus, (2) holds, and (1) follows.

Now, let us provethat (3) = (4) = (5) = (6) = ((3)).

(3) = (4): Since (3) holds, the graph G is nonseparable. Add a new edge

X e—/y, if such does no exist already in G. Clearly, the new graph G’, is till
nonseparable. By the equivalenceof (1) and (3), G’ satisfy statement (3). Thus,
thereis asimple circuit which goesthrough e and e’ in G’. Therefore, thereis
asimple pathin G from x to y through e.

(4) = (5): Let e be an edge incident to vertex y; such an edge exists, since
there are no isolated verticesin G. By (4), there is a smple path from x to z
through e. Thus, this path goes through y.

(5) = (6): Let p be asimple path which goes from x to y through z; such a
path exists, since (5) holds for every three vertices. The first part of p, from x
to z does not pass through y.

(6) = (1): If (6) holds, then there cannot be any separation vertexin G. B

L et us now return to the problem of testing the vertex connectivity of agiven
graph G; that is, testing whether c is greater than or equal to a given positive
integer k. Wehavealready seenthat for k = 1 and 2, thereisan O(|E|) algorithm.
Hopcroft and Tarjan [4] showed that k = 3 can also betested in linear time, but
their algorithmis quite complicated and does not seem to generalize for higher
values of k. Let us present a method suggested by Kleitman [5] and improved
by Even[6].

Let L ={v1,Vo,...,v{} beasubset of V, wherel > k. Define G asfollows: G
includes all the vertices and edges of G. In addition, it includes a new vertex
s connected by an edge to each of the vertices of L; G is called the auxiliary

graph.

Lemma6.8 Letue V—L. Ifp(vi,u) >kinG, for everyv; € L, then, in G,
p(s,u) > k.

Proof: Assume not. Then p(s,u) < k. By Theorem 6.4, there exists a (s, u)
vertex separator S in G suchthat |S| < k. Let R bethe set of verticessuch that all
pathsin G froms tov € R passthrough at least one vertex of S. Clearly, v; ¢ R,
since v; is connected by an edge to s. However, since 1 > k > |S|, there exists
some 1l < i< lsuchthatv; ¢ S. All paths from v; to u go through vertices of
S. Thus, p(vi,u) < S| < k, contradicting the assumption. [ |

Let V ={vi,vy,...,vn}. Let j be the least integer such that for some i < j,
plvi,v;) <kinG.
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Lemma 6.9 Let j be as defined above and G be the auxiliary graph for L =
{vi,vo,...,vi—1). In G, pls,vj) <k

Proof: Consider a minimum (v;,v;) vertex separator S. By Theorem 6.4,
|S|<k. Let R be the set of all verticesv € V such that all the paths from v;
tovin G passthrough verticesof S. Clearly, v; € R. If for somej’ <j,vjs € R,
thenp(i,j’) <IS| < k, and the choice of j iswrong. Thus, v; isthe least vertex
in R (i.e. the vertex for which the subscript is minimum). Hence, LN R = 0.
Thus, in G, S isan (s,v;) vertex separator, and p(s,vj) < k. [ |

The following algorithm determines whether the vertex connectivity of a
givenundirected graph G(V,E), where V ={vy1,v5,...,v. },isat least k.

1. For every i and j such that 1 < i < j < k, check whether p(vi,v;) > k. If
for some1i and j thistest fails then halt; G’s connectivity isless than k.

2. Foreveryjsuchthatk+1<j<n,formG (withL ={vy,vy,...,vj_1}), and
check whether, in G, p(s,v;) > k. If for somej thistest fails, then halt; G’s
connectivity islessthan k.

3. Halt; the connectivity of G isat least k.

The proof for the algorithm’s validity is as follows: If G’s connectivity is at
least k, then clearly nofailurewill bedetectedin Step (6.2). Also, by Lemma6.8,
no failurewill occur in Step (6.2), and the algorithm will halt in Step (6.2) with
the right conclusion. If G’s connectivity is less than k, and it is not detected
directly in Step (6.2) then, by Lemma 6.9, it will be detected in Step (6.2).

Step (6.2) takes O(k2 - |E|) steps, since we have to solve k(k — 1)/2 flow
problems. In each we have to find k augmenting paths, and each path takes
O(|E|) stepsto find.

Step (6.2) takes O(k - [V|- [E|) steps, since we have to solve |V| — k flow
problems, again for each up to total flow k.

Thus, if k < |V|*/2 then thetime complexity of thea gorithmis O (k- V|- [E]).

Thereaderswho arefamiliar with theinteresting result of Gomory and Hu [7]
for findingall |V|- (]V|—1) total flows, for all source-sink pairsin an undirected
network by solving only |V|— 1 network flow problems, should notice that this
techniqueis of no help in our problem. The reason for that isthat evenif G is
undirected, the network we get for vertex connectivity testing is directed.

6.3 Connectivity of Digraphs and Edge Connectivity

First, let us consider the problem of vertex-connectivity of adigraph G(V,E).
Thedefinition of an (a, b) vertex separator isthe same asin theundirected case,
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except that now al we are looking at are directed paths from a to b; i.e, an
(a,b) vertex separator is a set of vertices S such that {a,b} NS = () and every
directed path from a to b passes through at |east one vertex of S. Accordingly,
N(a,b) and p(a,b) are defined. The theorem analogous to Theorem 6.4, still

holds, except that the algorithm is even simpler: For every edge u £VinG

/
thereisonly oneedgeu” <+’ in G.
The vertex connectivity, ¢, of adigraph G(V,E) is defined as follows:

(i) If G iscompletely connected, (i.e., for every two vertices a and b, there
areedgesa —r bandb — a),thenc =|V|—
(ii) If G isnot completely connected, then

c= min N(a,b).
a7Lb

The lemma analogous to Lemma 6.6 still holds, and the proof goes along
the same lines. Also, the theorem analogous to Theorem 6.5 holds, and the
complexity it yields is the same. If G has no parallel edges, a statement like
Lemma6.7 holds, and the procedure and the proof of itsvalidity (Theorem 6.6)
extend to the directed case, except that for each v;, we compute both N (v;,v)
and N (v,vy).

Thealgorithm for testing k connectivity extendsal so to the directed case, and
again all we need to change is that whenever p(a,b) was computed, we now
have to compute both p(a,b) and p(b, a).

L et usnow consider the case of edge connectivity bothin graphsand digraphs.

Let G(V,E) beanundirected graph. A set of edges, T, iscaled an (a,b) edge
separator if every path from a to b passes through at least one edge of T. Let
M(a,b) betheleast cardinaity of an (a,b) edge separator. Let p(a,b) be now
the maximum number of edge digoint paths which connect a with b.

Theorem 6.8 M(a,b) =p(a,b).

The proof is similar to that of Theorem 6.4, only smpler. There is no need
to split vertices. Thus, inG, V= V We till represent each edge u — v of

G by two edgesu —> vandv —> uin G. Thereis no loss of generality in
assuming that the flow functionin G satisfies the condition that either f(e’) =0
or f(e”)=0;forif f(e’) =f(e”) = 1 then replacing both by 0 does not change
the total flow. Therest of the proof raises no difficulties.

The edge connectivity, ¢, of agraph G isdefined by ¢ = min, ,» M(a,b). By
Theorem 6.8 and its proof, we can find ¢ by the network flow technique. The
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networkswe get are of type 1. Both Theorem 6.1 and Theorem 6.2 apply. Thus,
each network flow problem is solvable by Dinitz’s algorithm with complexity
O(min{[E[¥/2,[VI#3- [E[}).

Let T beaminimum edge separator in G; that is, |T| = c. Let v be any vertex
of G. For every vertex v/, on the other side of T, M(v,v’) = c. Thus, in order
to determine ¢, we can use

c= min M(v,v').
viev—{v}

We need to solveat most |V|— 1 network flow problems. Thus, the complexity
of the algorithmis O(|V/ - |E| - min{[E[*/2,|V|?/3}).

In the case of edge connectivity of digraphs, we need to consider directed
paths. The definition of an (a,b) edge separator is accordingly a set of edges,
T, such that every directed path from a to b uses at least one edge of T. The
definition of p(a,b) again uses directed paths, and the proof of the statement
analogousto Theorem 6.8 istheeasiest of all, since G isnow G with no changes.

In the definition of ¢, the edge connectivity, we need the following change:

c=minfM(a,b) | (a,b) €V x V},

namely, we need to consider all ordered pairs of vertices.

Thenetworksweget aretill of type 1 and thecomplexity of eachisstill O(|E|-
min{|E|*/2,|V|?>/3}). The approach of testing for onevertex v, both M (v,v’) and
M(v’,v) foral v/ € V —{v} still works, to yield the same complexity: O(|V]-
[E| - min{|E|*/2,|V|?/3}). However, the same result, with an improvement only
in the constant coefficient followsfrom the following interesting observation of
Schnorr [8], which appliesbothto the directed and undirected edge connectivity
problems.

Lemma 6.10 Let v1,vo,...,v4, beacircular ordering (i.e. v+1 =v1) of the
vertices of a digraph G. The edge connectivity, ¢, of G satisfies

c= min M(vi,vit1).
1<i<n (1 1+l)

Proof: Let T beaminimum edge separator in G. That meansthat there are two
verticesa and b such that T isan (a,b) edge separator. Define

L ={v| thereisadirected path from a to v which avoids T}.

R ={v| thereisno directed path from a tov which avoids T}.
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Clearly, LUR=VandLNR=0.LetlcLandr € R. Tisan (1,v) edge
separator; for if it is not, then r belongsin L. Therefore, M (1,1) < |T|. Since
T isaminimum edge separator, M(1,r) = |T|. Now neither L nor R are empty,
since they contain a and b, respectively.

Consider now thecircular ordering of V. Theremust beani, 1 < i< n, such
that vi € L and vi; € R. Hence, the result. [ |

In the case of graphs and digraphs we can test for k connectivity, easily, in
time complexity O(k-|V|-|E|). Instead of running each network flow problem
to completion, we terminate it when the total flow reachesk. Each augmenting
path takes O(JE|) time and there are | V| flow problems. Aswe can see, testing
for k edge connectivity ismuch easier than for k vertex connectivity. Thereason
isthat vertices cannot participate in the separating set which consists of edges.

We can also use this approach to determine the edge connectivity, c, in time
O(c-|V|-|E]). We run all the |V| network flow problemsin parallel, one aug-
menting path for each network in turn. When no augmenting path existsin any
of the|V| problems, we terminate. The cost increaseis only in space, since we
need to storeall | V| problemssimultaneously. One can use binary search on ¢ to
avoid thisincrease in space requirements, but in this case the time complexity
isO(c-|V|-|E|-logc).

We conclude our discussion of edge connectivity with a very powerful
theorem of Edmonds[9]. The proof presented hereis dueto Lovasz [10].

Theorem 6.9 Let a be a vertex of a digraph G(V,E) and min,cy_;q)
M(a,v) = k. There are k edge-digoint directed spanning trees of G rooted
at a.

Proof: Thetheoremtrivially holdsfor k = 1. Weprovethetheorem by induction
on k. Let us denote by 5(S) the number of edgesin (S;S) in G. If Hisa
subgraph of G then G — H is the digraph resulting from the deletion of all the
edges of H from G.

Clearly, the condition that min,cy_q,3 M(v,a) > k is equivalent to the
statement that, forevery SC V,S#Vanda €S, 6g(S) > k.

Let F(V/,E’) beasubgraph of G such that

(i) Fisadirectedtreerooted at a (which isnot necessarily spanning);
(ii) ForeverySCV,S#Vanda €S, dg_r(S) > k—1.

If F is spanning directed tree then we get the result immediately; by the
inductive hypothesisthere are k — 1 edge-disjoint spanning treesrooted at a in
G —F,and F isonemore.
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The crux of the proof isto show that if F is not spanning then an edge of the
set (V/;V') can be added to F, to increase its number of vertices by one and
still satisfy both (i) and (ii).

Consider the following three conditions on a subset of vertices, S:

(1) a€s,
(2 SUV' £V,
() dg-r(S)=k—1.

Let us show that if no such S exists, then one can add any edge e € (V';V’)
toF. Clearly, F+ e satisfies (i). Now, if (ii) does not hold, then there existsan S
suchthat S #V,a €S, and dg_(r1e)(S) <k—1. Itfollowsthat 5g_¢(S)<k.
Now, by (ii), 6g_r(S) > k—1. Thus, 6 _r(S) =k—1, and S satisfies condi-
tion((3)). Letuandv beverticessuchthat u e Sincedg_(r+e)(S)<k—1
and 8g_pr(S) =k —1,v ¢ S. Also, v ¢ V. Thus, SUV’ # V, satisfying
condition ((2)). Therefore, S satisfies all three conditions; A contradiction.

Now, let A be amaximal ° set of vertices that satisfies ((1)), ((2)), and ((3)).
Since the edges of F all enter vertices of V’,

e F(AUV) =5a(AUV') >k
By condition ((3)),
Sg-r(AUV') > 86 F(A).

The inequality implies that there exists an edge x LN y that belongsto (A U

V/:AUV’) and does not belong to (A;A) in G —F. Hence, x ¢ ANV’ and

y € ANV’ Clearly, F+ e satisfies(i). It remainsto be shownthat it satisfies (ii).
LetSCV,S#VandacS.Ifeé (S;S), then

0G—(F+e)(S)=0Gc-F(S) =2 k-1

Assume e € (S;S). It is not hard to prove that for every two subsets of V, S,
and A,
8G-F(SUA)+86-rF(SNA) <8c-r(S)+dc-r(A),

by considering the sets of edges connecting SN A, SNA,SNA, and SNA.
Now, 6g_fr(A)=k—1land dg_r(SNA) >k —1. Therefore,

dc-F(SUA) <dg£(S).

3 Namely, no larger set that contains A has all three properties.
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Sincex € Sandx ¢ A, S ¢ A; namely, SUA islargerthan A. Also,y € S,y €A,
andy € V'.Thus, (SUA)UV’ # V. By themaximality of A, 6g_r(SUA) > k.
Thisimpliesthat g _r(S) > k; therefored g _ ey (S) = k—1, proving (ii). W

The proof provides an algorithm for finding k edge-digoint directed trees
rooted at a. We look for atree F such that min,cy_r,3;M(a,v) >k —11in
G —F, by adding to F one edge at a time. For each candidate edge e, we have
to check whether min,cv_(q3;M(a,v) > k—1in G — (F +e). This can be
done by solving [V| — 1 network flow problems, each of complexity O (k- [E|).
Thus, the test for each candidate edge is O(k - [V|- |E]). No edge needs be
considered morethan oncein the construction of F, yielding thetime complexity
O(k-|V]-|E[?). Since we repeat the construction k times, the whole algorithm
is of time complexity O (k2 [V|-|E[2).

The following theorem was conjectured by Y. Shiloach and proved by Even,
Garey, and Tarjan [11].

Theorem 6.10 Let G(V,E) beadigraph whose edge connectivityisat least k.
For everytwo vertices, wandv, andevery 1, 0 < 1 < k, thereare L directed paths
fromu tov and k — 1 directed paths fromv to u, which are all edge digjoint.

Proof: Construct anauxiliary graph G by addingto G anew vertex a, 1 parallel
edgesfrom a to u, and k — 1 parallel edgesfrom a to v. Let us first show that
in G minyeyv M(a,w) =k.

If min,,cv M(a,w) <k, thenthereexistsaset S suchthatS c Vu{a}, a €S,
and|(S;S)| < kin G. Clearly, S #{a} for |({a};V)| =k. Let x € S —{a}. Thus,
M(x,y) < k for every y € S, and the same also holdsin G, since G is a sub-
graph of G. This contradicts the assumption that in G, the edge connectivity is
at least k.

Now, by Theorem 6.9, there are k edge-disioint directed spanning trees, in
G, rooted at a. Exactly one edge out of a appears in each tree. Thus, each
of the trees that uses an edge a — u contains a directed path from u to v,
and each of the trees that uses an edge a — v contains a directed path from
v to u. All these paths are, clearly, edge digoint. ]

Coroallary 6.1 If the edge connectivity of a digraphis at least 2, then for every
two vertices u and v there exists a directed circuit that goes through u and v
in which no edge appears more than once.

Proof: Usek =2, 1=1in Theorem 6.10. [ |

It is interesting to note that no such easy result exists in the case of vertex
connectivity and a simple directed circuit through given two vertices. In [11],
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a digraph with vertex connectivity 5 is shown such that for every two of its
verticesthereis no simpledirected circuit that passes through both. The author
does not know whether any vertex connectivity will guarantee the existence of
asimple directed circuit through any two vertices.

6.4 Maximum Matching in Bipartite Graphs

A set of edges, M, of agraph G(V, E) with no self-loops, is called a matching
if every vertex isincident to at most one edge of M. The problem of finding a
maximum matching was first solved in polynomial time by Edmonds[12]. The
best known result of Evenand Kariv [13] isO(|V|>®). These algorithmsare too
complicated to be included here, and they do not use network flow techniques.

An easier problemisto find amaximum matching in abipartite graph, that is,
agraphinwhichV=XUY, XNY =, and each edge has one end-vertex in X
andoneinY. Thisproblemis aso known as the marriage problem. We present
hereits solution vianetwork flow and show that its complexity is O (|V|*/2-|E|).
This result was first achieved by Hopcroft and Karp [14].

Let us construct a network N(G). Itsdigraph G(V, E) is defined as follows:

V={stlUV,

E={s —xxeXu{ly —tlyeYu{x — yx—yinG}L

Letc(s—x)=c(ly—t)=1foreveryx € Xand y €Y. For every edge
x -5 y let c(e) = oo. (Thisinfinite capacity is defined in order to simplify our
proof of Theorem 6.12. Actually, since thereis only one edge entering x, with
unit capacity, the flow in x — y is bounded by 1.) The source is s and the
sink is t. For example, consider the bipartite graph G shown in Figure 6.2(a).
Its corresponding network N(G) isshown in Figure 6.2(b).

Theorem 6.11 The number of edges in a maximum matching of a bipartite
graph G isequal to the maximum flow, F, in its corresponding network, N(G).

Proof: Let M be a maximum matching. For each edge x — y of M, usethe
directed path s — x — y — t to flow oneunit froms to t. Clearly, all these
paths are vertex-digoint. Thus, F > [M|.

Let f be a flow function on N(G), which is integral. (There is no loss of
generality here. Aswe saw, in Chapter 5, every network with integral capacities
has a maximum integral flow.) All the directed paths connecting s and t are of
theform s — x — y — t. If such a path is used to flow (one unit) from s
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Figure 6.3: Maximum flow found by Dinitz’s agorithm and its
corresponding matching.

to t, then no other edge x — y’ or x” — y can carry flow, sincethereisonly
oneedge s — x and its capacity isone, and the sameistruefor y — t. Thus,
the set of edges x — y, for which f(x — y) = 1, constitutes a matching in
G.Thus, M| > F. [ |

The proof indicates how the network flow solution can yield a maximum
matching. for our example, a maximum flow, found by Dinitz’s algorithm is
shown in Figure 3(a) and its corresponding matching is shown in Figure 3(b).
The agorithm described in the proof constructs atype 2 network; therefore, by
Theorem 6.3, itsrunning time is O ([V[*/2- |E|).
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Next, let us show that one can al so use the max-flow min-cut theorem to prove
atheorem of Hall’s[15]. For every A C X, let T'(A) denote the set of vertices
(al inY) that are connected by an edge to a vertex of A. A matching M, is
called completeif M| = |X].

Theorem 6.12 A bipartite graph G has a complete matching M if and only if
forevery A C X, [T'(A)] > |A].

Proof: Clearly, if G has a complete matching M, then each x has a unique
“mate” inY. Thus, forevery A C X, [T (A)| > |A].

Assume now that G does not have a complete matching. Let S be the set of
labeled vertices (in the Ford and Fulkerson algorithm or the Dinitz algorithm)
upon termination. Clearly, the maximum total flow isequal to|M|, but|M| < |X].
Let A =XNS. Sinceal the edges of the type x — y are of infinite capacity,
I'(A) C S. Also, no vertex of Y\ T'(A) islabeled, sincethereis no edge from a
labeled vertex to it. We have

(S;S) = ({sEX—=A) U (T(A);{t)).
Since (S;S) = M| < |X|, we get
IX—Al+IT(A)] < |X],

whichimplies|T'(A)| < |A]. [ ]

6.5 Two Problemson PERT Digraphs

The Program Evaluation and Review Technique, commonly abbreviated PERT,
isamodel for project management. A PERT digraphisafinitedigraph G(V,E)
with the following properties:

(i) Thereisavertex s, called the start-vertex, and avertex t(# s), called the
termination vertex.
(ii) G hasno directed circuits.
(iil) Every vertexv € V'\ {s, t} ison some directed path from s to t.

A PERT digraph has the following interpretation: Every edge represents a
process. Recall that «(v) denotes the set of edges that enter v; 3(v) denotes
the set of edges that emanate from v. All the processes which are represented
by edges of 3(s) can be started right away. For every vertex v, the process
represented by edges of 3(v) can be started when all the processes represented
by edges of «(v) are completed.
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Our first problem deals with the question of how soon can the whole project
can be completed; that is, what is the shortest time, from the moment the pro-
cesses represented by (3(s) are started, until all the processes represented by
o(t) are completed. We assume that the resourcesfor running the processesare
unlimited. For this problem to bewell defined, let usassumethat each e € E has
an assigned length 1(e), which specifiesthe time it takes to execute the process
represented by e. The minimum completion time can befound by the following
agorithm:

1. Assign s thelabel O (A(s) < 0). All other vertices are “unlabeled.”
2. Find avertex v such that v isunlabeled and all edges of «(v) emanate from
labeled vertices. Assign

A(v) + max {A(u)+1(e)}.

ecx(v)

3. If v =1, hat; A(t) is the minimum completion time. Otherwise, go to
Step (2).

In Step (2), the existence of avertex v such that all the edges of «(v) emanate
from labeled vertices is guaranteed by conditions (i) and (iii): If no unlabeled
vertex satisfies the condition, then for every unlabeled vertex v, there is an
incoming edge which emanates from another unlabeled vertex. By repeatedly
tracing back these edges, one finds adirected circuit. Thus, if no such vertex is
found, then we conclude that either (i) or (ii) does not hold.

It is easy to prove by induction on the order of labeling, that A(v) is the
minimum time in which all processes represented by the edges of «(v) can be
completed.

The time complexity of the algorithm can be kept down to O(|E|) asfollows:
For each vertex v we keep count of itsincoming edgesfrom unlabeled vertices;
this count isinitialy set to di, (v); each time a vertex u gets labeled, we use
thelist 3 (u) to decreasethe count for al v such that w — v, accordingly; once
the count of avertex v reaches 0, it enters a queue of vertices to be labeled.

Once the algorithm terminates, by going back from t to s, via the edge that
determined the label of the vertex, we can trace alongest path from s to t. Such
apath is called critical.* Clearly, there may be more than one critical path. If
one wants to shorten the completion time, A(t), then on each critical path at
least one edge length must be shortened.

4 The whole process is sometimes called the critical path method (CPM).
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Figure 6.4: Example of a PERT digraph.

Next, we shall consider another problem concerning PERT digraphs, where
thereis no referenceto edge lengths. Assume that each of the processes, repre-
sented by the edges, uses one processor for its execution. The questionis: How
many processors do we need to be sure that no execution will ever be delayed
because of a shortage of processors? We want to avoid such a delay without
relying on the valuesof 1(e)’s either because they are unknown or because they
vary from timeto time.

Let us solve a minimum flow problem in the network whose digraph is G,
source s, sink t, lower bound b(e) = 1 for al e € E and no upper bound (i.e.,
c(e) = oo for al e € E). Condition (6.5) assures the existence of alegal flow
(see Problem 6.5).

For example, consider the PERT digraph of Figure 6.4. The minimum flow
(whichin this caseis unique) is shown in Figure 6.5(a), where a maximum cut
is shown too.

A set of edgesis called concurrent if for no two edgesin the set thereis a
directed path that passes through both. Now, let T be the set of vertices that
are labeled in the last attempt to find an augmenting path from t to s. Clearly,
teTands ¢ T. The set of edges (T;T) isamaximum cut; there are no edges

n (T;T), for there is no upper bound on the flow in the edges, and any such
edge would enable to continue the labeling of vertices. Thus, the set (T;T) is
concurrent.

If S isaset of concurrent edges, then the number of processors required is,
at least |S|. This can be seen by assigning the edges of S a very large length;
and all the others, a short length. Since no directed path leads from one edge
of S to another, they all will be operative simultaneously. Thisimplies that the
number of processorsrequired is at least |(T;T)|.
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(b)

Figure 6.5: (a) The minimum flow in the PERT; (b) decompositions
of the flow into the PERT into F directed paths.

However, the flow can be decomposedinto F directed pathsfrom s to t, where
F isthe minimum total flow, such that every edgeis on at |east one such (since
f(e) > 1forevery e € E). Thisisdemonstrated for our examplein Figure 6.5(b).
We can now assign to each processor all the edges of one such path. Each such
processor executes the processes represented by the edges of the path in the
order in which they appear on the path. If one processis assigned to more than
one processor, then one of them executes while the others are idle. It follows
that whenever a process that correspondsto u — v is executable (because all
the processes which correspond to (1) have been executed), the processor to
which this processis assigned is available for its execution. Thus, F processors
are sufficient for our purpose.

SinceF =|(T;T)|, by the min-flow max-cut theorem, the number of processors
thus assigned is minimum.

The complexity of thisprocedureisasfollows. We can find alegal initial flow
intime O(|V|-|E|), by tracing for each edge a directed path from s to t viathis
edge, and flow through it one unit. This path isfound by starting from the edge,
and going forward and backward fromit until s and t arereached. Next, wesolve
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amaximum flow problem, from t to s. Thus, the complexity of the whole pro-
cedureis dominated by the complexity of solving one maximum flow problem.

6.6 Problems

Problem 6.1 Let G(V,E) be an acyclic finite digraph.> We wish to find a
minimum number of directed vertex-digoint paths that cover all the vertices,
that is, every vertex is on exactly one path. The paths may start anywhere and
end anywhere, and their lengths are not restricted in any way. A path may be
of zero length; that is, it may consist of one vertex.

1. Describe an agorithm for achieving this goal, and make it as efficient as
possible. (Hint. Form a network as follows:
V! ={s,t}U{x1, X2, ..., X v} U{y1, Y2, ...,y v -
E'={s —xi | 1<i<VIU{ys — t[1<ig|VI}
U{xi —1yj | vi —v;inGL.

The capacity of all edgesis 1.
Show that the minimum number of pathsthat cover Vin G isequal to|V|—F,
where F is the maximum total flow of the network.)

2. Istheconditionthat G isacyclic essential for the validity of your algorithm?
Explain.

3. Givethebest upper bound you can onthetimecomplexity of your algorithm.

Problem 6.2 Thisproblem issimilar to Problem 6.1, except that the paths are
not required to be vertex- (or edge-) digoint.

1. Describe an agorithm for finding a minimum number of covering paths.
(Hint. Form a network as follows:

\4 :{S,t}U{Xl,Xz,...,X|V‘}U{y1,y2,...,y‘v|}.
B ={s —x [1<i<|VJU{yi — t11<i<|V]}
U{xi —Yi |1<i< |V|}U{y1 —Xj | vi —Vj in G}.
The lower bound of each x; — y; edgeis 1.

The lower bound of all other edgesisO.
The upper bound of al the edgesis co. Find a minimum flow from s to t.)

5 A digraphis called “acyclic” if it has no directed circuits.
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2. Istheconditionthat G isacyclic essential for the validity of your algorithm?
Explain.

3. Givethebest upper bound you can on thetime complexity of your algorithm.
(Hint. O(|V] - [E]) isachievable.)

4, Two verticesu and v are called concurrent if no directed path exists from
utovorfromv tou. A set of concurrent verticesis such that every two in
the set are concurrent. Prove that the minimum number of paths that cover
the vertices of G is equal to the maximum number of concurrent vertices.
(Thisis Dilworth’s Theorem [16].)

Problem 6.3 1. Let G(X,Y,E) beafinitebipartite graph. Describe an efficient
algorithm for finding a minimum set of edges such that each vertex is an
end-vertex of at least one of the edgesin the set.

2. Discuss the time complexity of your algorithm.

3. Prove that the size of a minimum set of edges which cover the ver-
tices (as in (1)) is equal to the maximum size of an independent set of
verticesof G.°

Problem 6.4 1. Provethat if G(X,Y,E) isacomplete bipartite graph (i.e., for
every two verticesx € X andy € Y, thereisan edge x —y) then the vertex
connectivity of G is

¢(G) = min{|X],[Y[}.

2. Provethat for every k, there existsagraph G suchthat ¢(G) > k and G has
no Hamilton path. (See Problem 1.4.)

Problem 6.5 Let M be amatching of a bipartite graph. Prove that there exists
amaximum matching M’ such that every vertex matchedin M is matched also
inM’.

Problem 6.6 Let G(V,E) be a finite acyclic digraph with exactly one vertex
s for which d;;, (s) = 0 and exactly one vertex t for which dy.,« = 0. We say
that the edge a — b is greater than the edge c — d if and only if thereis a
directed pathin G fromb to c. A set of edgesiscalled adiceif noedgeinitis
greater than another and it is maximal; no other set of edgeswith this property
containsit. Prove that the following three conditions on a set of edges, P, are
equivaent:

6 A set of vertices of agraph is called independent if there is no edge between two vertices of the
Set.
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1. Pisadlice.
2. Pisan (s,t) edge separator in which no edge is greater than any other.
3. P=(S;S) for some{s} c S ¢ V—{t} such that (5;S) = 0.

Problem 6.7 (The problem of a system of distinct representatives[SDR]). Let
$1,S2,...,Sm befinite sets. A set{eq,ez,...,en }iscalled an SDRif for every
1<i<m, eiGSi.

1. Describe an efficient algorithm for finding an SDR, if one exists. (Hint.
Define a bipartite graph and solve a matching problem.)

2. Provethat an SDR existsif and only if the union of any 1 < k < m of the
sets contains at least k elements.

Problem 6.8 Let 7r; and 7, be two partitions of a set of m elements, each
containing exactly r digoint subsets. We want to find a set of r elements such
that each of the subsets of 7tr; and 75 is represented.

1. Describe an efficient algorithm to determine whether thereis such a set of r
representatives.

2. State a necessary and sufficient condition for the existence of such a s,
similar to Theorem 6.12.

Problem 6.9 Let G(V,E) beacompletely connected digraph (seeProblem 1.5);
itiscalled classifiableif V can be partitioned into two nonempty classes, A and
B, such that al the edges connecting between them are directed from A to B.
Let V ={v1,v2,...,vn} Wherethe vertices satisfy

dout(Vl) < dout(VZ) <...< dout(vn)-

Provethat G is classifiable if and only if there existsak < n such that

i K
; dout(vi) = <2> .

Problem 6.10 Let S be a set of people such that |S| > 4. We assume that
acquaintance is a mutual relationship. Prove that if, in every subset of four
people, there is one who knows all the others, then thereis someonein S who
knows everybody.

Problem 6.11 Inthe acyclic digraph shownin Figure 6.6, there are both AND
vertices (designated by A) and OR vertices (designated by \/). Asin a PERT
network, the edges represent processes, and the edge length is the time the
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Figure 6.6: Graph for Problem 6.11.

process requires. The processes represented by the edges that emanate from
an AND (OR) vertex can be started when all (at least one of) the incoming
processes are (is) completed. Describe an algorithm for finding the minimum
timefrom start (s) to reach termination (which dependson thetype of t). Apply
your algorithm on thegiven network. What isthe complexity of your algorithm?

Problem 6.12 Consider Problem 6.11 on digraphs that are not necessarily
acyclic. Show how to modify the algorithm to solve the problem or conclude
that there is no solution.

Problem 6.13 In aschool are n boys and n girls. Each boy knows exactly k
girls (1 < k < n), and each girl knows exactly k boys. Provethat if “knowing"
ismutual, then all the boys and girls can participate in one dance, where every
pair of dancers (aboy and agirl) know each other. Also show that it is always
true that k consecutive dances can be organized so that everyone will dance
once with everyone he or she knows.

Problem 6.14 Proveor disprovethefollowing claim: If the vertex connectivity
of adigraphisat least 2, then for every three vertices x,y, and z, there exists a
simple directed path from x to z viay.

Problem 6.15 Let G be a finite undirected graph whose edge connectivity is
at least 2. For each one of the following claims, determine whether it is true or
false. Justify your answer.

1. For every three vertices x,y, and z there exists a path in which no edge
appears more than once, from x to z viay.

2. For every three vertices x,y, and z there exists a path in which no edge
appears more than once, from x to z, which avoids y.
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v
Planar Graphs

7.1 Bridges and Kuratowski’s Theorem

Consider a graph drawn in the plane in such a way that each vertex is repre-
sented by a point; each edge is represented by a continuous line connecting
the two pointsthat represent its end vertices, and no two lines, which represent
edges, share any points, except in their ends. Such a drawing is called a plane
graph. If agraph G has arepresentation in the plane that is a plane graph then
itissaid to be planar.

In this chapter, we shall discuss some of the classical work concerning planar
graphs. The question of efficiently testing whether a given finite graphis planar
is discussed in the next chapter.

Let S be a set of vertices of a nonseparable graph G(V,E). Consider the
partition of the set V — S into classes, such that two vertices are in the same
classif and only if there is a path connecting them that does not use any vertex
of S. Each such class K defines a component as follows. The component is a
subgraphH(V’,E’), whereV’ O K. Inaddition, V' includesall theverticesof S
that are connected by an edgeto avertex of K, in G. Also, E’ containsall edges
of G that have at |east one end-vertex in K. An edgeu —£ v, where both u and
varein S, definesasingular component ({u,v},{e}). Clearly, two components
share no edges, and the only vertices they can share are elements of S. The
vertices of a component that are elements of S are called its attachments.

In our study we usually use aset S, which is the set of vertices of a simple
circuit C. In this case, we call the components bridges; the edges of C are not
considered bridges.

For example, consider the plane graph over the vertices a,...,k shown in
Figure 7.1. The edges of the plane graph are 1,...,18. Let C be the outside
boundary:

146
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The circuit C partitions V' \ C into two classes: {i,j,h} and {k}. The set of
bridgesis

({e,gh{8}),
({i.j.h,a,e,g},{9,10,11,12,13,14}),
({a,e},{15}), and
({k,b,c,d},{16,17,18}).

The first and third bridges are singular.

Lemma 7.1 Let B be a bridge, and aj,ap,as, three of its attachments.
There exists a vertex v, not an attachment, for which there are three vertex-
digoint pathsin B: Py(v,a1),P2(v,az) and P3(v,a3). (P(a,b) denotes a path
connecting a to b).

Proof: Let a; ﬂvl,az 2vz, and as 3\)3 be edges of B. If any of the
vi’s (i = 1,2,3) is an attachment, then the corresponding edge is a singular
component and is not part of B. Thus, v; € K, where K isthe class that defines
B. Hence, thereisasimple path P/(vy,v,) that usesverticesof K only; if vi=vy,
thispath isempty. Also, thereisasimple path P (v3, v, ) that usesverticesof K
only. Letv bethefirst vertex of P”/(vs,v1) thatisalsoon P’. Now, let P1(v, a1 ) be
the part of P’ that leads fromv to v;, concatenated with v — ag; let Po(v, az)
bethepart of P’ that leadsfromv tov,, concatenated withv,— ay; let P3(v, as)
bethe part of P” that leadsfromv to v3, concatenated with vs — as. It iseasy
to see that these paths are digjoint. |
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Let C be asimple circuit of a honseparable graph G, and B4, B»,...,Bx be
the bridges with respect to C. We say that B; and B; interlaceif at least one of
the following conditions holds:

1. Therearetwo attachmentsof B;, a and b, and two attachments of B;, c and
d, such that all four are distinct and appear on C in the order a,c,b, d.
2. There are three attachments common to B; and B;.

For each bridge B, consider the subgraph C + B;. If any of thesegraphsisnot
planar, then clearly G isnot planar. Now, assume all these subgraphsare planar.
In every planeredization of G, C outlines acontour that dividesthe planeinto
two digoint parts: its inside and outside. Each bridge must lie entirely in one
of these parts. Clearly, if two bridgesinterlace they cannot be on the same side
of C. Thus, in every planerealization of G, the set of bridgesis partitioned into
two sets: those drawn inside C and those drawn outside it. No two bridgesin
the same set interlace.

Lemma7.2 If B1,By,..., By isset of bridges of a nonseparable graph G with
respect to a simple circuit C and the following two conditions are satisfied:

1. for every 1 <i<n, C+ B; isplanar, and
2. notwo bridgesinterlace,

then C+B1+ B2+ ...+ By, hasaplanerealization in which all these bridges
areinside C.

Proof: We shall only outline the proof. As we go clockwise around C there
must be a bridge B; such that we encounter al its attachmentsin some order:
ai,az,..., a, and no attachment of any other bridge appearsbetween a; and a
on C. Such abridge can be found by starting from any attachment a of B; and
going around, say, clockwise. If before encountering all the attachments of B
we encounter an attachment of another bridge B, then all B;’s attachments are
between consecutive attachments of B; that may also belong to B;. We repeat
the same process on By, and so on. Since the number of bridgesis finite, and
those discarded will not “interfere” with the new ones, the process will yield
the desired bridge.

This observation allows aproof by induction. First B; isdrawn, and since no
other bridge uses any of the vertices of C between a; and a, we can take C’
to be the circuit that describes the part of C from a; to a;, clockwise, and the
boundary of B; from a; to a; toformasimplecircuit C’, whoseinsideisso far
empty. The remaining bridges are also bridges of C’ and, clearly, satisfy (7.2)
and (7.2) with respect to C'. [ |
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Corollary 7.1 Let G beanonseparablegraph; and C, asimplecircuitin G. In
thiscase G isplanar if and only if the bridges B, B2, ..., Bx of G, with respect
to C, satisfy the following conditions:

1. Forevery 1 <i<k, C+B;isplanar.
2. The set of bridges can be partitioned into two subsets, such that no two
bridgesin the same subset interlace.

Let us introduce the coloring of graphs. Here, we consider only 2-coloring
of vertices. A graph G(V,E) issaid to be 2-colorableif V can be partitioned
into V1 and V, in such away that thereis no edgein G with two end vertices
in V1(V2). (Obviously, a 2-colorable graph is bipartite, and vice versa. It is
customary to usetheterm “bipartite” if the partitionis given, and “2-colorable"
if one exists.) The following theorem is due to Konig [1].

Theorem 7.1 A graph G is 2-colorable if and only if it has no odd length
circuits.

Proof: Itiseasy to seethat if agraph has an odd length circuit, then it is not
2-colorable. In order to provethe converse, we may assumethat G isconnected,
for if each component is 2-colorable, then the whole graph is 2-colorable.

Let v be any vertex. Let us perform BFS (see Section 1.5.1) starting from v.
There cannot be an edgeu—w in G if u and w belong to the same layer, that
is, are the same distance from v. For if such an edge exists then we can display
an odd length circuit as follows: Let P;(v,u) be a shortest path from v to w.
P2(v,w) isdefined similarly and is of the same length. Let x be the last vertex
that iscommonto P; and P,. The part of P; from x tou, and the part of P, from
x tow are of equal length, and together with w—w, they form an odd length

simple circuit.
Now, we can color all the vertices of even distance fromv with one color and
al the vertices of odd distance from v with a second color. [ |

We can use the concept of 2-colorability to decide whether the bridges
B1,Bo2,..., Bk, with respect to a simple circuit C, can be partitioned into two
pairwise noninterlacing subsets, as follows: Construct a graph G’ whose ver-
ticesare the bridges By, B, ..., Bk, and two vertices are connected by an edge
if and only if the corresponding bridgesin G interlace. Now test whether the
graph G’ is 2-colorable, by giving one vertex color 1 and using some search
technique, such as DFS or BFS to color aternate vertices with different colors
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(@) (b)

Figure 7.2: The graphs of Kuratowski: (a) K33 and (b) Ks.

out of {1, 2}. If no contradiction arises, a coloring is obtained and thus, a parti-
tion. If acontradiction occurs, thereis no 2-coloring, and therefore no partition
of the bridges; in this case, the graph is nonplanar, by Corollary 7.1.

Let us now introduce the graphs of Kuratowski [2]: K33 and Ks. They are
shown in Figure 7.2(a) and (b), respectively.

K5 is completely connected graph of five vertices, or aclique of five vertices.
K33 isacompletely connected bipartite graph with three vertices on each side.

Lemma 7.3 Neither K33 nor Ks is planar.

Proof: First, let us consider Ks, and its circuit C: a —b —c¢c —d —
e — a. Clearly, there are five bridges, al singular, corresponding to the edges
e1,€,€3,€e4, and es. Let us construct G’ as in the preceding discussion. It is
shown in Figure 7.3. For example, the bridge e; interlaces with es and e, and
so on. Since G’ contains an odd circuit, by Theorem 7.1, it is not 2-colorable,
and the set of bridges of Ks with respect to C is not partitionable. Thus, by
Corollary 7.1, Ks is not planar.

In the case of Kg3, take C: aj — by — ap— by — a3 — bz — a3.
The bridges a; — by, ap — bz and a3 — by form a triangle in the
corresponding G’. [ |

Before wetake on Kuratowski’stheorem, we need afew more definitionsand
alemma.

Let G(V,E) beafinite nonseparable plane graph with [V| > 2. A faceof G is
amaximal part of the plane such that, for every two pointsx and y init, thereis
acontinuouslinefromx andy that doesnot share any point with the realization
of G. The contour of each faceisasimple circuit of G; if any of these circuits
is not simple, then G is separable. Each of these circuits is called a window.
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Figure7.3; G’ for the proof of Lemma7.3.

One of thefacesis of infinite area. It is called the external face, and itswindow
is the external window. It is not hard to show that for every window W, there
exists another planerealization, G’, of the same graph, which has the same set
of windows, but in G, the window W is external. First, draw the graph on a
sphere, maintai ning the windows; this can be achieved by projecting each point
of the plane vertically up to the surface on a sphere whose center isin the plane
and itsintersecting circle with the plane encircles G. Next, place the sphere on
aplanethat istangent to it, in such away that a point in the face whose contour
is W isthe “north pole” that is, furthest from the plane. Project each point P
of the sphere (other than the “north pol€”) to the plane by a straight line that
startsfrom the “north pole” and goes through P. The graph isnow drawn in the
plane, and W is the external window.

Lemma7.4 Let G(V,E) bea2-vertex connected graph with a separating pair
a,b. Let Hy,Hy,...,Hy, bethe componentswith respect to {a,b}. G is planar
ifandonlyif for every 1 <i<m, Hi + (a-£-b)is planar.

By H; + (a—5b) we mean the subgraph obtained by adding theedge a - b
to Hi.l

Proof: Ineach H;, thereisapath from a to b, or G is not 2-connected. Also
m > 1. Thus, for each H; we can find a path P from a to b in one of the other
components. If G isplanar, soisH; + P, and therefore H; + (a-5-b) isplanar.
Now assume that each H; + (a -5~ b) is planar. For each of these realization
we can assume that e is on the external window. Thus, a planar realization of
G exists, as demonstrated in Figure 7.4 in the case of m = 3. |

1 Since G is 2-vertex connected, it follows that a,b € H;. By definition, the component H;
does not contain e, evenif e € E. Thus, weadd e to H; regardless of whether e € E.
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Hy H; Hg

Figure7.4. A demonstration of aplanar redlization of G, withm =3,
for the proof of Lemma7.4.

Two graphs are said to be homeomorphic if both can be obtained from the
same graph by subdividing edges, that is, an edge is replaced by a simple path
whose intermediate verticesare all new.” Clearly, if two graphs are homeomor-
phic, then either both are planar or both are not. We are now ready to state
Kuratowski’s Theorem [2].

Theorem 7.2 A graph G isnon-planar if and only if thereis a subgraph of G
which is homeomorphic to either K33 or Ks.

Proof: If G hasasubgraph H that is homeomorphic to either K33 or Ks, then
by Lemma 7.3, H is nonplanar, and therefore G is nonplanar. The converseis
much harder to prove. We prove it by contradiction.

Let G be a graph that is nonplanar and which does not contain a subgraph
that is homeomorphicto one of Kuratowski’sgraphs; in addition, let us assume
that among such graphs, G has the minimum number of edges.

First, let us show that the vertex connectivity of G isat least 3. Clearly, G is
connected and nonseparable, or the number of itsedgesisnot minimum. Assume
that it has a separating pair {a, b}, and let Hy,Ho,...,H,,, be the components

2 Two graphs G1(V1,E1) and G,( V>, E») aresaid to be isomorphic if there are bijections

f:V1— Voandg:Eq — Epsuchtha f(u) g(e) f(v) in G for every edge u—S-v in
G1. Clearly, Gy isplanar if and only if G2 is. Thus, we are not interested in the particular
names of the vertices or edges, and we distinguish between graphs only up to isomorphism.
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with respect to {a, b}, wherem > 1. By Lemma 7.4, thereexistsan 1 <i<m
for which H; + (a —b) isnonplanar. Clearly H; + (a — b) does not contain
a subgraph that is homeomorphic to one of Kuratowski’s graphs either. This
contradicts the assumption that G has the minimum number of edges.

We now omit an edge ag £ bo from G. The resulting graph, Go, is planar.
Since the connectivity of G isat least 3, Gg is nonseparable. By Theorem 6.7,
thereis asimple circuit in G that goes through ag and bo. Let Go be a plane
realization of G and C beasimplecircuit that goesthrough ag and by, such that
C encircles the maximum number of faces of all such circuitsin all the plane
realizations of Go. Note that the selection of G and C is done simultaneously,
and not successively. Assuming u and v areverticeson C, let C[u,v] bethe part
of C going fromu tov, clockwise. C(u,v) isdefined similarly, but the vertices
u and v are excluded.

Consider now the external bridges of C in Go. If such a bridge, B, has two
attachments either on Clag, bg] or C[bg, agl, then C is not maximum. To see
this, assumethat B hastwo attachments, a and b, in Clag, bg]. Thereisasimple
path P(a,b) connecting a to b viathe edges and verticesof B, whichisdigoint
from C, and istherefore exterior to C. Form C’ by adding to P the path C[b, a].
C’ goes through ag and by, and the interior of C is either completely included
intheinterior of C’ or in the exterior (see Figure 7.5). In the first case, C’ has
alarger interior than C, in Go. In the later case, we have to find another plane
redlization that is similar to Gg, but the exterior of C’ is now the interior. In
either case, themaximality of the choice of Go and C iscontradicted. Thus, each

@ (b)

Figure7.5: (@) Theinterior of thecircuit C iscontainedin theinterior
of C’; (b) the interior of the circuit C is contained in the exterior
of C'.
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external bridge has at most one attachment in C[ag, bo] and C[bg, ag]. Sincean
externa bridge must have at least two attachments, it follows that neither ag
nor bg can be an attachment of an external bridge.

It follows that each external bridge has at most two attachments. Since the
vertex connectivity isat least 3, we concludethat all external bridgesaresingular
(i.e., consist of asingle edge).

Finally, there is at least one such external singular bridge; otherwise, one
could draw the edge eg outside C, to yield a planar redlization of G. Every
external singular bridge interlaceswith ag £0 b since the attachments are on
C(ao,bo) and C(bo, (10).

Similarly, theremust be an internal bridge, B*, which preventsthe drawing of
ep inside, and which cannot betransferred outside; that is, B* interlaceswith an
external singular bridge, say, ai &1 p,. The situation is schematically shown
in Figure 7.6. We divide the argument to two cases according to whether B*
has any attachment other than ag, bg, az, bs.

Case 1. B* has an attachment a, other than ag, bg, ai,b;. Without loss of
generality wemay assumethat azison C(az, ag). SinceB* preventsthedrawing
of e, it must have an attachment on C(ag,bg). Since B* interlaces ey, it must
have an attachment on C(b1, az).

Case 1.1: B* has an attachment b, on C(by,bg). In B*, there is a path P
connecting a, with b,. The situation is shown in Figure 7.7. The subgraph of

Figure 7.6: The bridge B* in the proof of Theorem 7.2.
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Figure 7.7: Case 1.1in the proof of Theorem 7.2.

G shownin Figure 7.7 is homeomorphicto K3 3, where a1, ag, and b, play the
role of the upper vertices of Figure 7.2(a), and ay, b1 and by play the role of
the lower vertices.

Casel.2: B* hasnoattachmentson C(b1,bg). Thus, B* hasoneattachment b,
on C(ag, b1); thatis, it may be by but not ag. Also, B* hasan attachment b5’ on
Cl[bg,a;1). By Lemma7.1, thereexistsavertex v and three vertex-disjoint paths
inB*: P1(v,az),P2(v,b5), and P3(v,b%). Thesituation is shown in Figure 7.8.
If we erase from the subgraph of G, shown in Figure 7.8 the edgesin the path
C[b1,bo] and all itsintermediate vertices, the resulting subgraph is homeomor-
phic to K33: Vertices a,bj, and by play the role of the upper vertices; and
ag, ay, and v, the lower vertices.

Case 2: B* has no attachments other than ag, bg, ai, bs. In this case al four
must be attachments; for, if ag or bg are not, then B* and e; do not interlace; if
ay or by are not, then B* does not prevent the drawing of eg.

Case 2.1: There is a vertex v, in B*, from which there are four digoint
paths in B*: P1(v,ag),P2(v,bo),P3(v,a1), and P4(v,b1). This case is shown
in Figure 7.9, and the shown subgraph is clearly homeomorphicto Ks.

Case2.2: NovertexasinCase?2.1exists. Let Po(ag, bg) and P1(az,b1) betwo
simple pathsin B*. Let c; bethefirst vertex on P; that is common with Py, and
let ¢, be the last on Py that is common with Py. We use only the first part, A,
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Figure 7.9: Case 2.1 in the proof of Theorem 7.2.

of P1, connecting a; and c;; and the last part, B, connecting c, with b;. The
pertaining subgraph of G is now shown in Figure 7.10, and is homeomorphic
to K33 after the edges in Clap,b1] and C[bg,ai] and al their intermediate
vertices are erased: Vertices ag, by, and ¢y play the role of the upper vertices;
and by, a1, and ¢y, thelower. (If ¢y iscloser to ag than ¢z, thenweerase Clag, ag)
and C[by, bg], instead, and the upper vertices are ag, a; and cz.) [ |

Kuratowski’s theorem provides a necessary and sufficient condition for a
graphto beplanar. However, it doesnot yield an efficient algorithm for planarity



7.2 Equivalence 157

Figure 7.10: Case 2.2. in the proof of Theorem 7.2.

testing. The obvious procedure, that of trying for all subsets of five verticesto
see whether there are ten vertex disjoint paths connecting all pairs, or for every
pairs of three and three vertices whether there are nine paths, suffersfrom two
shortcomings. First there are (V') choices of five-setsand 1/2- (Y1) - (V1 3)
choices of three, and three vertices; this alone is O(|V/|8). But what is worse,
we have no efficient way to look for the digoint paths; this problem may, in
fact, be exponential.

Fortunately, there are O(|E|) tests, as we shall see in the next chapter, for

testing whether a given graph is planar.

7.2 Equivalence

Let G, and G, betwo planerealizations of the graph G. We say that G; and G,
are equivalent if every window of one of them is also a window in the other.
G may be 2-connected and have nonequivalent plane realization; for example,
seeFigure 7.11

Let us restrict our discussion to planar finite graphs with no parallel edges
and no self-loops. Our aim isto show that if the vertex connectivity of G, c(G),
is at least three then the plane realization of G is unique up to equivaence.

Lemma7.5 A planar nonseparablegraph G is2-connected if thereisa plane
realization of it, G, and one of its windows has more than one bridge.

Proof: If Cisawindow of G with more than one bridge, then all C’s bridges
areexternal. Therefore, no two bridgesinterlace. Asinthefirst paragraph of the
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Figure 7.11: Two nonequivalent plane realizations of the same graph.

proof of Lemma7.2, there exists abridge B whose attachments can be ordered
aj,dy,...ay, and no attachments of any other bridge appear on C(az,ay). It
is easy to see that {a;,a} is a separating pair; it separates the vertices of B
and C(ay, a) fromthe set of verticesof all other bridgesand C(a¢, a;), where
neither set can be empty since G has no parallel edges. [ |

Theorem 7.3 If G isaplanegraphwith no parallel edgesand no self-loopsand
if its vertex connectivity, c(G), is at least 3, then every two plane realizations
of G are equivalent.

Proof: Assumethat G hastwo planerealizations G; and G, that are not equiv-
alent. Without loss of generality we may assume that thereisawindow C in G
thatisnotawindow in G,. Therefore, C hasat |east two bridges; oneinterior and
one exterior. By Lemma 7.5, and since C isawindow in G1, G is 2-connected.
A contradiction, sincec(G) > 3. [ |

7.3 Euler’sTheorem
The following theorem is due to Euler.

Theorem 7.4 Let G(V,E) bea nonempty connected plane graph. The number
of faces, f, satisfies

VI+f—[El=2. (7.0
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Proof: Byinductionon|E|. If |E| =0, then G consistsof onevertex and thereis
oneface, and Equation 7.1 holds. Assume that the theorem holdsfor all graphs
with m = |E|. Let G(V,E) be a connected plane graph with m + 1 edges. If
G containsacircuit, then we can remove one of its edges. The resulting plane
graphisconnected and has m edgesand, therefore, by theinductivehypothesis,
satisfies Equation 7.1. Adding back the edge increases the number of faces by
one and the number of edges by one, and thus Equation 7.1 ismaintained. If G
containsno circuits, thenitisatree. By Corollary 2.1, it hasat least two |eaves.
Removing a leaf and its incident edge yields a connected graph with one less
edge and one less vertex, which satisfies Equation 7.1. Therefore, G satisfies
Equation 7.1 too. |

The theorem implies that all connected plane graphswith | V| verticesand |E|
edges have the same number of faces. One can draw many conclusions from
the theorem. Some of them are the following:

Corollary 7.2 If G(V,E) is a connected plane graph with no parallel edges,
no self-loopsand |V| > 2, then

Bl < 3V|—6. (7.2)

Proof: Since there are no parallel edges, every window consists of at least
three edges. Each edge appears on the windows of two faces, or twice on the
window of one face. Thus, 3-f < 2-|E|. By Equation 7.1, |E| =|V|+ f—2.
Thus, [E| < |V]+2/3|E|—2, and (7.2) follows. [ |

Corollary 7.3 Every connected plane graph with no parallel edges and no
self-loops has at least one vertex whose degreeis 5 or less.

Proof: Assumethecontrary; thatis, thedegreeof every vertexisat least 6. Thus,
2-|E| = 6-|V]; note that each edge is counted in each of its two end-vertices.
This contradicts (7.2). |

7.4 Duality

Let G(V,E) beafinite undirected and connected graph. A set K C Eiscaleda
cutset if it isaminimal separating set of edges; that is, the removal of K from
G interrupts its connectivity, but no proper subset of K doesit. It is easy to
seethat a cutset separates G into two connected components: Consider first the
removal of K —{e}, where e € K. G remainsconnected. Now removee. Clearly,
G breaksinto two components.
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Figure 7.12: (a) A connected graph G1; (b) G, aduad of Gy; (c) Gs,
aso adua of G;.

The graph G,(Va, E2) issaid to be the dual of a connected graph G1(V1,E1)
if thereisal—1 correspondencef: E; — Eo, such that a set of edges S forms
a simple circuit in Gy if and only if f(S) (the corresponding set of edgesin
Gy) formsacutset in G,. Consider the graph G1 shown in Figure 7.12 (a). G,
shown in Figure 7.12(b) isadual of G1, but sois Gs, shown in Figure 7.12(c),
as the reader can verify by considering all (six) simple circuits of G; and all
cutsetsof Gy, or Gs.

A contraction of anedgex Lg of agraph G(V, E) isthefollowing operation:
Delete the edge e, and merge x withy. The new contracted graph, G’, hasone
lessedge and onelessvertex, if x #£y. Clearly, if G isconnected, s0isG’. Also,
graph G’ isacontraction of G if by repeated contractionswe can construct G’
from G.

Lemma7.6 Ifaconnectedgraph G;hasadual and G;isaconnected subgraph
of Gy, then G; hasa dual.

Proof: We can get G; from G; by a sequence of two kinds of deletions:
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1. A deletion of an edge e of the present graph, whichisnotin G1, and whose
deletion does not interrupt the connectivity of the present graph.

2. A deletion of aleaf of thepresent graph, whichisnot avertex of G, together
with itsincident edge.

We want to show that each of theresulting graphs, startingwith G; and ending
with G1, hasadual.

Let G beoneof thesegraphs, except thelast, anditsdual be G 4. First consider
adeletion of type (7.4), of an edge e. Construct f(e) in Gg4, to get G4.. If C
isasimple circuit in G — e, then clearly it cannot use e, and therefore it isa
circuitin G too. The set of edgesof C isdenoted by S. Thus, f(S) isacutset of
Ggq, and it doesnot include f(e). Thus, the end vertices of f(e) arein the same
component of G4 with respect to f(S). It follows that f(S) isa cutset of Gg4.
too. If K isacutset of G4, thenit isacutset of G4 too. Thus, f~1(K) form a
simplecircuit C’ in G. However, f(e) isnot in K, and thereforee isnotin C’.
Hence, C’ isasimplecircuit of G —e.

Next, consider a deletion of type (7.4) of a leaf v and its incident edge e.
Clearly, e, playsnoroleinacircuit. Thus, f(e) cannot beapart of acutsetin G 4.
Hence, f(e) isaself-loop. The deletion of v and e form G, and the contraction
of f(e) in G4 (which effectively, only deletes f(e) from G4), does not change
the sets of simple circuitsin G and cutsets in G4, and the correspondenceis
maintained. [ |

Lemma7.7 Let G bea connected graph and e, e be two of its edges, neither
of whichisa self loop. If for every cutset, either both edgesarein it or both are
not, then e; and e, are parallel edges.

Proof: If e; and e, are not parallel, then there exists a spanning tree which
includes both. (Such atree can be found by contracting both edges and finding
a spanning tree of the contracted graph.) The edge e; separates the tree into
two connected componentswhose sets of verticesare S and S. The set of edges
between S and S in G is a cutset that includes e; and does not include e,. A
contradiction. |

Lemma 7.8 Let G be a connected graph with a dual G4, and let f be the
1— 1 correspondence of their edges. If u-<L x; 22 x, & . .x 1 S visa
simple path or circuitin G such that x4, x3,...,x;_1 areall of degree two, then

f(e1),f(ez2),...,f(e1) areparallel edgesin Gg4.
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Proof: Every circuit of G that containsonee;,1 <1< 1, containsall the rest.
Thus,in G4, if oneedge, f(e;), isinacutsetthenall therestare. By Lemma. 7.7,
they are parallel edges. |

Lemma 7.9 If a connected graph G; hasa dual, and G is homeomorphic to
G4, then G, hasadual.

Proof: If an edge x & y of G; is replaced in G, by a path x <L
vi 22 v, — ... ELy, then in the dual f(e) is replaced by parallel edges:
f(e1),f(e2),...,f(er). If apath of G; isreplaced in G, by an edge e, then the
edges of the dual that correspond to the edges of the path are al paralel (by
Lemma 7.8) and can be replaced by a single edge f(e). It is easy to see that
every circuit which uses an edge e, when it is replaced by a path, will use al
the edges of the path instead, while in the dual, every cutset that uses f(e) will
use al the parallel edgeswhich replaceit. Thus, the correspondence of circuits
and cutsetsis maintained. [ |

Theorem 7.5 A (connected) graph hasa dual if and only if it is planar.

Proof: Assume G1(Vi,E1) isaplanar graph and G is a plane realization of
it. Choose a point p; in each face F; of G;. Let V;, be the set of these points.
Since G; is connected, the boundary of every face isacircuit (not necessarily
simple) which we call its window. Let W; be the window of F;, and assume
it consists of 1 edges. We can find 1 curved lines, al starting in p;, but no two
share any other point, such that each of the lines ends on one of the 1 edges
of W;, oneline per edge. If a separating edge® e appears on W4, then clearly
it appears twice. In this case there will be two lines from p; hitting e from
both directions. These two lines can be made to end in the same point on e,
thus creating a closed curve that goes through p; and crosses e. If e is not a
separating edge, then it appears on two windows, say, W; and Wj. In this case,
we can makethelinefromp; to e meet e at the same point asdoesthe linefrom
p; toe, toformaline connecting p; withp;, which crosses e. None of the set of
lines thus formed crosses another, and we have one per edge of G;. Now define
G2(Va, E») asfollows: The set of lines connecting the pi’sis arepresentation
of E2. The 1— 1 correspondence f : E; — E» is defined as follows: f(e) is the
edge of G, which crosses e. Clearly, G, is a plane graph that is a realization
of agraph G,(V>,Ez). It remainsto show that thereisa 1 — 1 correspondence
of the simple circuits of G; to the cutsets of G,. The construction described

3 An edge whose removal from G interrupts its connectivity.
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Figure 7.13: For the proof of Theorem 7.5.

aboveis demonstrated in Figure 7.13, where G4 is shownin solid lines, and G
is shown in dashed lines.

Let C beasimplecircuit of Gy. Clearly, in G, C describes a simple closed
curve in the plane. There must be at |east one vertex of G inside this circuit,
since at least one edge of G, crosses the circuit, and it crosses exactly once.
The same argument al so appliesto the outside. Thisimpliesthat f(S), where S
isthe set of edges of C, formsa separating set of G,. Let us postpone the proof
of the minimality of f(S) for alittle while.

Now let K be a cutset of G,. Let T and T be the sets of vertices of the two
components of G, formed by the deletion of K. The set of faces of G; that
correspond to the vertices of T, forms a continuous region, but not the whole
plane. The minimality of K implies that the boundary of thisregionisacircuit
in G1, whose edges correspond to K. Thus, we have shown that every ssimple
circuit of G; corresponds to a separating set of G,, and every cutset of G,
correspondsto acircuit of Gs.

Now let us handlethe minimality. If S isthe set of edges of asimplecircuit C
of G1 and f(S) isnot acutset of G, then thereisaproper subset of f(S) which
isacutset, say K. Therefore, f~1(K) isacircuit of G;. However, f~1(K) ¢ S. A
contradiction to the assumption that C is simple. The proof that if K isa cutset
then f~1(K) isasimple circuit is similar.

This completes the proof that the connected planar graph has adual. We turn
to the proof that a nonplanar graph has no dual. Here, we follow the proof of
Parson [3].

First, let us show that neither K33 nor Ks have a dual. In K33, the shortest
circuit is of length four, and for every two edges there exists a simple circuit
that one but does not use the other. Thus, in its dual no cutset consists of less
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than four edges and there are no parallel edges. Therefore, the degree of each
vertex isat least 4 and there must be at |east five vertices. The number of edges
is therefore at least (5-4/2) = 10, while K33 has 9 edges. Thus, K33 has no
dual. Inthecase of Ks, it hasten edges, ten simple circuitsof length threeand no
shorter circuits, and for every two edges there is a simple circuit that uses one
but not the other. Thus, the dual must have ten edges, ten cutsets of three edges,
no cutset of lesser size and therefore the degree of every vertex isat least three.
Also, thereareno parallel edgesinthedual. If thedual hasfivevertices, thenitis
Ksitself (ten edgesand no parallel edges), but Ks hasno cutsetsof threeedges. I
the dual has seven verticesor more, then it has at least eleven edges ([7-3/2]).
Thus, the dual must have six vertices. Since it has ten clusters of three edges,
there is one that separates S from S, where neither consists of a single vertex.
If |S| = 2, then it contains a vertex whose degreeis 2. If |S| = |S| = 3, then the
maximum number of edgesin the dual is nine. Thus, Ks has no dual.

Now, if G is anonplanar graph with a dual, then by Kuratowski’s theorem
(Theorem 7.2) it contains a subgraph G’ that is homeomorphicto either K33 or
Ks. By Lemma 7.6, G’ also hasadual. By Lemma7.9, either K33 or Ks hasa
dual. A contradiction. Thus, no nonplanar graph has a dual. [ |

Theorem 7.5 providesanother necessary and sufficient condition for planarity,
in addition to Kuratowski’s theorem. However, neither has been shown to be
useful for testing planarity.

There are many facts about duality that we have not discussed. Among them
arethefollowing:

1. If Gqisadua of G, then G isadual of G4.
2. A 3-connected planar graph has a unique dual.

The interested reader can find additional information and references in the
books of Harary [4], Ore[5], and Wilson [6].

7.5 Problems

Problem 7.1 The purpose of this problem is to prove a variation of Kura-
towski’s theorem.

1. Prove that if G is a connected graph and vi,v,,v3 are three ver-
tices, then there exists a vertex v and three (vertex) digoint paths
P1(v,v1),P2(v,v2),P3(v,v3), one of which may be empty.

2. Provethat if G is aconnected graph and S is a set of four vertices, then
either thereisavertex v with four digoint pathsto the membersof S or there
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aretwo verticesu and v such that two members of S are connected to u by
paths, two to v, and u is connected to v; al five paths are vertex-disjoint.

3. Show that if a graph is contractible to K33, then it has a subgraph
homeomorphicto Kz 3.

4. Show that if agraph is contractibleto Ks, then either it has a subgraph that
is homeomorphicto Ks or it has a subgraph that is contractible to K3 3.

5. Provethetheorem: A graphisnonplanar if and only if it containsasubgraph
that is contractible to K3 3 or Ks.

Problem 7.2 Show agraph that is nonplanar but not contractibleto either K3 3
or Ks. Doesit contradict the result of Problem 7.1(7.1)?

Problem 7.3 UseKuratowski’stheoremto provethat the Petersen graph, shown
in Figure 7.14, is nonplanar.

Figure 7.14: Peterson graph.
Problem 7.4 Isthe graph depicted in Figure 7.15 planar? Justify your answer.

Q2 @

O O

Figure 7.15: Isthisgraph planar?
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Problem 7.5 A plane graph is called triangular if each of its windows is a
triangle. Let N; be the number of vertices whose degreeisi.

1.

Prove that every plane graph with three or more vertices that has no self-
loops and no parallel edges can be made triangular by adding new edges
without creating any self-loops or paralel edges. (This process is called
triangulation.)

. Let G beatriangular plane graph asin part 1, with |V| > 3. Prove that

Ni=N,=0.

. Let G beatriangular plane graph asin part 1. Prove that

12=3-N3+2-Ng+Ns—N7—2-Ng—3-Ng—4-Nqg...

. Provethatinagraph, in part 1, if there are no vertices of degree 3 or 4, then

there are at least tweleve vertices of degree 5.

. Provethat if G isa planar graph with no self-loops or parallel edges, and

[V| > 3, thenit has at least 4 vertices with degreeslessthan 6, and if N3 =
N4 =0, then N5 > 12.

. Provethat if the vertex connectivity, c(G), of agraph G(V, E) isat least five,

then|V| > 12.

. Provethat if G isplanar, then c(G) < 6.

Problem 7.6 Provethatif G1(V1,E1) and G,( V>, E2) are homeomorphic, then

[Eaf — Vil = [E2| = V2.

Problem 7.7 Show atriangular plane graph without parallel edges that is not
Hamiltonian.

Problem 7.8 Let G beaplanegraph. Theplanegraph G*, whichisconstructed
by the procedure in the first part of the proof of Theorem 7.5, is called its
geometric dual.

Prove that if G* is the geometric dua of G, then G is the geometric dual

of G*.
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8
Testing Graph Planarity

8.1 Introduction

There are two known planarity testing algorithms that have been shown to be
realizable in a way that achieves linear time (O(|V[)). The idea in both is to
follow the decisions to be made during the planar construction of the graph,
piece by piece, asto therelativelocation of the variouspieces. The construction
isnot carried out explicitly because there are difficulties, such asthe crowding
of elementsinto arelatively small portion of the area allocated, which, as yet,
wedo not know to avoid. Also, an explicit drawing of thegraphisnot necessary,
aswe shall see, to decide whether such adrawing ispossible. We shall imagine
that such arealizationisbeing carried out, but will only decidewherethevarious
pieces are laid relative to each other, and not their exact shape. Such decisions
may change later to make a place for later additions of pieces. In both cases, it
was shown that the algorithm terminateswithin (O(|V])) steps, and if it failsto
find a“realization,” then none exists.

Thefirst agorithm startsby finding asimplecircuit and addingtoit onesimple
path at a time. Each such new path connects two old vertices via new edges
and vertices. (Whole pieces are sometimes flipped over, around some line).
Thus, we call it the path addition algorithm. The basic ideas were suggested
by various authors, such as Auslander and Parter [1] and Goldstein [2], but the
algorithm in its present form, both from the graph-theoretic point of view, and
complexity point of view, is the contribution of Hopcroft and Tarjan [3]. They
were first to show that planarity testing can be donein linear time.

The second a gorithm adds one vertex in each step. Previously drawn edges
incident to this vertex are connected to it, and new edges incident to it are
drawn and their other endpoints are left unconnected. (Here, too, sometimes
whol e pieces have to be flipped around or permuted). The agorithm is due to
Lempel, Even, and Cederbaum [4]. It consists of two parts. The first part was

168
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shown to be linearly redlizable by Even and Tarjan [5]; the second part was
shown to belinearly realizable by Booth and Leuker [6]. We call thisalgorithm
the vertex addition algorithm.

Each of these algorithms can be divided into its graph-theoretic part and
its data structures and their manipulation. The agorithms are fairly complex
and a complete description and proof would require a much more elaborate
exposition. Thus, since this is a book on graphs, and not on programming, |
have chosen to describe in full the graph-theoretic aspects of both algorithms
and to only briefly describe the details of the data manipulation techniques.
An attempt is made to convince the reader that the algorithms work, but in
order to see the details which makeit linear onewill haveto refer to the papers
mentioned above.

Throughout this chapter, for reasons explained in Chapter 7, we shall assume
that G(V,E) is a finite undirected graph with no parallel edges and no self-
loops. We shall also assume that G is honseparable. The first thing that we can
do is check whether |E| < 3-|V|—6. By Corollary 7.1, if this condition does
not hold, then G is nonplanar. Thus, we can restrict our algorithm to the cases
where |[E| = O(|V]).

8.2 The Path Addition Algorithm of Hopcroft and Tarjan

Theagorithm startswithaDFS of G. We assumethat G isnonseparable. Thus,
we drop from the DFS the steps for testing nonseparability. However, we still
need the lowpoint function, to be denoted now L1(v). In addition, we need the
second lowpoint function, L2(v), to be defined as follows: Let S(v) be the set
of values k(u) of verticesu reachable from descendants of v by a single back
edge. Clearly, L1(v) = min{{k(v)}US(v)}.
Define
L2(v) = min{{k(v)}U[S(v) —{L1(v)}}.

Let us now rewrite the DFS in order to compute these functions (we denote
an assignment statement, “x getsthe value of y” by x :=y):

1. Mark al the edges “unused.” For every v € V, let k(v) := 0. Let i:=0 and
v:=s (the vertex s iswhere we choose to start the DFS).

2. i:=14+1k(v):=1,L1(v):=1,12(v):=1.

3. If v has no unused incident edges, go to Step (8.2).

4. Choose an unused incident edge v —& 1. Mark e “used.” If k(u) # O then
do the following:
If k(u) <L1(v), thenL2(v) :=L1(v),L1(v) :=k(u).
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If k(u) > L1(v), thenL2(v) := min{L2(v),k(u)}.
Go to Step (8.2).
Otherwise (k(u) =0), let f(u) :=v, v:=u and go to Step (8.2).
5. If k(v) =1, halt.
6. (k(v) > 1; we backtrack).
If L1(v) < L1(f(v)) then L2(f(v)) := min{L2(v),L1(f(v))},L1(f(v))
=L1(v).
If L1(v) =1L1(f(v)), then L2(f(v)) := min{L2(v),L2(f(v))}.
Otherwise (L1(v) > L1(f(v))),L2(f(v)) := min{L1(v),L2(f(v))}.
v:i=f(v).
Goto Step (8.2).

From now on werefer to the verticesby their k(v) number; that is, we change
the name of v to k(v).

Let A(v) bethe adjacency list of v; that is, the list of edgesincident fromv.
We remind the reader that after the DFS each of the edges is directed; the tree
edges are directed from low to high, and the back edges are directed from high
to low. Thus, each edge appears once in the adjacency lists. Now, we want to
reorder the adjacency lists, but first, we must define an order on the edges. Let

thevalue ¢(e) of an edgeu %, v be defined as follows:

2-v if u -5+ v isaback edge.
dle)={2-11(v)  ifu-Srvisatreeedgeand L2(v) > .
2-L1(v)+1 ifu . visatree edgeand L2(v) < u.

Next, we order the edges in each adjacency list to be in nondecreasing order
withrespectto ¢.[Thiscanbedoneon O(|V|) timeasfollows. First, computefor
each edgeit’s ¢ value. Prepare 2 |V|+ 1 buckets, numbered 1,2,...,2-|V|+1.
Put each e into the ¢ (e) bucket. Now, empty the buckets in order, first bucket
number 1, then 2 and so on, putting the edges taken out into the proper new
adjacency lists, in the order that they are taken out of the buckets.]

The new adjacency lists are now used, in asecond run of aDFS algorithm, to
generatethepaths, oneby one. Inthissecond DFS, verticesare not renumbered,
and there is no need to recompute f(v), L1(v) or L2(v). The tree remains the
same, although the vertices may not be visited in the same order. The paths
finding algorithmis as follows:

1. Mark al edges “unused” and let v:= 1.
2. Start thecircuit C; its first vertex is 1.
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3. Let thefirst unused edgein A(v) bev S
If u+# 1, then mark e as used, add u to C, update v := u, and repeat
Step (3). Otherwise, (uw=1), C isclosed. Output C.

. Ifv=1, halt.

. If every edgein A (v) isused, then update v := f(v) and go to Step (4).

. Start apath P with v asits first vertex.

. Letv -5 u bethe first unused edgein A(v).
If e isaback edge (u < v), terminate P with u, output P, and go to (5).

8. Otherwise, (e isatree edge). Add u to P, update v :=u, and go to Step (7).

~N O O A~

Lemma 8.1 The paths finding algorithmfindsfirst a circuit C that consists of
a path from 1 (the root) to some vertex v, via tree edges, and a back edge from
viol

Proof: Let 1 — u bethe first edge of the tree to be traced (in the first appli-
cation of Step (3)). We assume that G is nonseparable, and |V| > 2. Thus, by
Lemma3.7, thisedgeisthe only tree edge out of 1, and u = 2. Also, 2 hassome
descendants, other than itself. Clearly, 2— 3 is atree edge. By Lemma 3.5,
L1(3) < 2,thatis, L1(3) = 1. Thus, L1(2) = 1. Thereordering of the adjacency
lists assures that the first path to be chosen out of 1 will lead back to 1 as
claimed. [ |

Lemma 8.2 Each generated path P issimple, and it contains exactly two ver-
tices in common with previously generated paths; they are the first vertex, f,
andthelagt, 1.

Proof: The edge scanning during the paths finding agorithm is in a DFS
manner, in accord with the structure of the tree (but not necessarily in the same
scanning order of vertices). Thus, a path starts from some (old) vertex f, goes
along tree edges, via intermediate vertices which are all new, and ends with
a back edge which leads to 1. Since back edges aways lead to ancestors, 1 is
old. Also, by the reordering of the adjacency lists and the assumption that G is
nonseparable, 1 must be lower than f. Thus, the path issimple. [ |

Let S, denotethe set of descendants of v, including v itself.

Lemma8.3 Let f and1 bethefirst and last vertices of a generated path P and
f — v beitsfirst edge.

1 Ifv#lthenll(v) =1
2. listhe lowest vertex reachable from S¢ via a back edge that has not been
used in any path yet.
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Proof: LetuspartitionS¢—{f}intotwo parts, « and 3, asfollows. A descendant
u belongsto « if and only if when the construction of P begins, we have already
backtracked from u. Clearly, f € 3 and all the back edges out of « have been
scanned already. Let u be the lowest vertex reachable viaan unused back edge
from 3. Clearly, thefirst remaining (unused) edge of A(f) isthe beginning of a
directed path to u, which is either an unused back edge from f to v or apath of
tree edges, viavertices of 3, followed by asingle back edgeto u. Thus, uw =1,
and the lemmafollows. |

Lemma 8.4 Let P; and P, be two generated paths whose first and last ver-
ticesare f1,1; and f, 1, respectively. If Py is generated before P, and f, isa
descendant of f; then1; < 1,.

Proof: Thelemmafollowsimmediately from Lemma 8.3. |

So far, we have not made any use of L2(v). However, Lemma8.5reliesoniit.

Lemma85 Let Pr: f Sy —5...—sland Py f 2 v, —...—>lbe
two generated paths, where P, isgenerated before P,. If vy A land L2(v) < f,
thenvy, Aland L2(v2) < f.

Proof: By the definition of ¢(e), d(e1) =2 -1+ 1. If vo =1o0r L2(v2) > f,
then ¢(e2) =2-1, and e, should appear in A(f) before e;. A contradiction. B

LetCbhel—vi—vo—...— v, — LClealyl<vi<vo<...<vn.
Consider now the bridges of G with respect to C.

Lemma 8.6 Let B be a nonsingular bridge of G with respect to C, whose
highest attachment is v;. There exists a tree edge v; -%, w that bel ongsto B,
and all other edges of B with endpointson C are back edges.

Proof: The lemma follows from the fact that the paths finding algorithm is
a DFS. First C is found. We then backtrack from a vertex v; only if al its
descendants have been scanned. No internal part of B can be scanned before
we backtrack into vi. There must be atree edge vi — u, where u belongsto
B, for thefollowing reasons. If all the edges of B, incident to v; are back edges,
they all must come from descendants or go to ancestorsof v; (seeLemma3.4).
An edge from v; to one of its ancestors (which must be on C) is a singular
bridge and is not part of B. An edge from a descendant w of v; implies that w
cannot bein B, for it has been scanned already, and we have observed that no
internal part of B can be scanned beforewe backtrack into v;. If any other edge
vk — x oOf B isaso atree edge, then, by definition of a bridge, thereis a path
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connecting w and x that is vertex-digoint from C. Along this path there is at
least one edge that contradicts Lemma 3.4. |

Corollary 8.1 Once a bridge B is entered, it is completely traced before
itisleft.

Proof: By Lemma 8.6, there is only one edge through which B is entered.
Since eventually the whole graph is scanned, and no edge is scanned twice in
the same direction, the corollary follows. |

Assuming that C and the bridges explored from vertices higher than v; have
aready been explored and drawn in the plane. Lemma 8.7 provides atest for
whether the next generated path could be drawn inside; the answer is negative,
evenif the path itself can be placed inside, but it is aready clear that the whole
bridge to which it belongs cannot be placed there.

Lemma8.7 Letv; — u; — up — ... — wi(=vj) bethefirst path, P, of
the bridge B to be generated by the paths finding algorithm. P can be drawn
inside (outside) C if there is no back edge w — vy drawn inside (outside)
for which j < k < i. If there is such an edge, then B cannot be drawn inside
(outside).

Proof: The sufficiency isimmediate. If thereis no back edge drawn inside C,
that enters the path, vj — vj .1 — --- — v; inone of itsinternal vertices,
then there cannot be any inside edge incident to these vertices, since bridgesto
be explored from verticeslower than v; have not been scanned yet. Thus, P can
be drawninsideif it is placed sufficiently closeto C.

Now, assumethereisaback edgew — vy, drawninside, for whichj < k < i.
Let P’ be the directed path from v,, to vi. whose last edge is the back edge
w — V. Clearly, v, ison C and p > i; P’ isnot necessarily generated in one
piece by the path-finding algorithm, if it is not the first path to be generated in
the bridge B’ to which it belongs.

Case 1. p >1i. The bridges B and B’ interlace by part (i) of the definition of
interlacement. Thus, B cannot be drawn inside.

Case2: p =1i.LetP” bethefirst path of B’ to begenerated, P : vi —» x; —»
X2 — ... —Vvq. By Lemma8.4, q <j, since B’ is explored before B.

Case2.1: g<j.Sincev; andv; areattachmentsof B, v andv areattachments
of B and q < j < k < 1, the two bridges interlace. Thus, B cannot be drawn
inside.
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Case 2.2: q =j. P” cannot consist of a single edge, for in this case, it isa
singular bridge and vy is not one of its attachments. Also, L2(x1) < v. Thus,
L2(x1) <v;. By Lemma8.5, uy #vj and La(u1) < v;. Thisimpliesthat B and
B’ interlace by either part (i) or part (ii) of the definition of interlacement, and
B cannot be drawn inside.

[ |

The algorithm assumes that the first path of the new bridge B isdrawn inside
C. Now, we use the results of Corollary 7.1, Theorem 7.1 and the discussion
that followsit, to decide whether the part of the graph explored so far is planar,
assuming that C + B is planar. By Lemma 8.7, we find which previous bridges
interlace with B. The part of the graph explored so far is planar if and only if
the set of its bridges can be partitioned into two sets such that no two bridgesin
the same set interlace. If the answer is negative, the algorithm halts, declaring
that graph nonplanar. If the answer is positive, we still have to check whether
C+ B isplanar.

Let the first path of B be P: vi — u; — up, — ... —> v5. We now have a
circuit C’ consisting of C[v;,v;] and P. Therest of C isan outside path P/, with
respect to C’, and it consists of Clvi, 1] and C[1,v;]. The graph B + C[vj,vi]
may have bridges with respect to C’, but none of them has all its attachments
on C[vj,vi], for such abridgeisalso abridge of G with respect to C, andisnot
apart of B.

Thus, no bridge of C’, with attachments of C(v;,vi) may be drawn outside
C’, since it interlaces with P’. We conclude that C + B is planar if and only
if B+ Clvj,vi] is planar and its bridges can be partitioned into an inside set
and an outside set so that the outside set contains no bridge with attachments
in C(vj,vi). The planarity of B 4 C[vj,vi] is tested by applying the algorithm
recursively, usingtheestablished vertex numbering Ly, Ly, f functionsand order-
ing of the adjacency lists. If B + Clv;,v;] is found to be nonplanar, clearly G
is nonplanar. If it is found to be planar, we check whether al its bridges with
attachments in C(vj,vi) can be placed inside. If so, C + B is planar; if not,
G isnonplanar.

Hopcroft and Tarjan devised a simple tool for deciding whether the set of
bridgescan be partitioned properly. It consists of threestacksTTy, TT,, and TT3. Of
theseTT; containsin nondecreasing order (the greatest entry on top) the vertices
of C(1,vi) (wherev; isthelast vertex of C into which we have backtraced),
which are attachments of bridges placed inside C in the present partition of the
bridges. A vertex may appear onTT; several timesif there are several back edges
into it from inside bridges. TT, is similarly defined for outside bridges. Both TT;
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and TT, are doubly linked lists, in order to enable switching over of complete
sections from one of them to the other, investing, per section, time bounded by
some constant. TT3 consists of pairs of pointersto entriesin TT; and TT». Itstask
will be described shortly.

Let S be amaximal set of bridges, explored up to now, such that a decision
for any one of these bridgesasto thesideit isin, impliesadecision for al the
rest. (S correspondsto a connected component of the graph of bridges, asinthe
discussion following Theorem 7.1.) Let the set of entriesin Ty and TT,, which
correspond to back edges from the bridges of S, be called a block.

Lemma 8.8 Let K bea block, whose highest element isvy, and lowest element
isvi. Ifvp isanentryinTTy or TT5, then v, belongsto K if vi < v, <wvp,.

Proof: We provethe lemmaby induction on the order in which the bridgesare
explored. At first, both TT; and TT, are empty and the lemmais vacuously true.
The lemmatrivially holds after one bridge is explored.

Assume the lemma is true up to the exploration of the first path P of the
new bridge B, where P : vi — ... — vj. If there is no vertex vy on Ty or
T, such that v; < v <v; then clearly the attachments of B (in C(1,v;)) form
a mew block (assuming C + B is planar), and the lemma holds. However, if
there are vertices of TT; or TT, in between v; and v;, then by Lemma 8.7, the
bridgesthey are attachments of all interlace with B. Thus, the old blockswhich
these attachments belong to, must now be merged into one new block with
the attachments of B (in C(1,v;)). Now, let v; be the lowest vertex of the new
block and vy, bethe highest. Clearly, v, wasthe lowest vertex of someold block
whosehighest vertex was vy, and vy, > vj. Thus, by theinductivehypothesis, no
attachment of another block could be between v, and v;, and therefore cannot
be in this region after the merger. Also, al the attachmentsin between v; and
vh, arein the new block since they are attachments of bridges which interlace
with B. Thus, al the entriesof TT; or TT, which arein between v, and v}, belong
to the new block. |

Corollary 8.2 Theentries of one block appear consecutively on TT4 (TT5).

Thus, when we consider the first path P : vi — ... — v; of the new bridge
B in order to decide whether it can be drawn inside, we check the top entries
t1 and t, of TTy and TT,, respectively.

If v; >t and v; > to, then no merger is necessary; the attachments of B (in
C(1,v;)) areentered as ablock (if C + B isfound to be planar) on top of TT;.

If v; <t1 andv; > to, then wefirst join al the blocks for which their highest
entry is higher than v;. To thisend there is no need to check 15, since v; > to;
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however, several blocks still may merge. Next, switch the sections of the new
block, that is, the section on TT; exchangesplaceswiththesection onTT,. Finaly,
place the attachments of B in nondecreasing order on top of TT;; these entries
join the new block.

Ifv; > t1 andvj < to, then again wejoin all blocks whose highest element is
greater than vj; only the sections on T, need to be checked. The attachments
of B join the same block are placed on top of TT;.

Ifv; <ty andvj < t2, thenall blockswhose highest element is greater than v;
are joined into one new block. Aswe join the blocks, we examine them one by
one. If thehighest entry in the section on Ty ishigher thanv;, thenweswitchthe
sections. If itisgtill higher, then we halt and declare the graph nonplanar. If all
these switches succeed, then the merger is compl eted by adding the attachments
of B ontop of TT;.

In order to handle the sections switching, the examination of their tops and
mergersefficiently, we use athird stack, TT3. It consists of pairsof pointers, one
pair (x,y) per block; x pointsto the lowest entry of the sectioninTTy; and y, to
the lowest entry of the section in TT,. (If the section is empty, then the pointer’s
valueis 0). Two adjacent blocksare joined by simply discarding the pair of the
top one. When several blocks have to be joined together upon the drawing of
the first path of a new bridge, only the pair of the lowest of these blocks need
remain, except when one of itsentriesis0. In thiscase, thelowest nonzero entry
of the pairs aboveit on the same side, if any such entry exists, takesits place.

When weenter arecursive step, aspecial “end of stack” marker E isplaced on
top of TT,, and the three stacks are used asin the main algorithm. If therecursive
step ends successfully, we first attempt to switch sectionsfor each of the blocks
with a nonempty section on TT,, above the top most E. If we fail to expose E,
then C + B is nonplanar and we halt. Otherwise, all the blocks created during
the recursion arejoined to the onewhich includes v; (the end vertex of the first
path of B). The exposed E, on top of TT5, is removed, and we continue with the
previouslevel of recursion. When we backtrack into avertex vy, al occurrences
of v; areremoved from the top of TT; and TT,, together with pairs of pointers of
T3 which point to removed entries on both TT; and TT,. (Technically, instead of
pointing to an occurrence of v;, we point to 0 and pairs (0,0) are removed).

Theorem 8.1 The complexity of the path addition algorithmis O(|V]).

Proof: Asinthe closing remarks of Section 8.1, we can assume [E| = O(|V/).
The DFSand thereordering of the adjacency listshavebeen showntobe O (V).
Each edge in the paths finding algorithm is used again, once in each direction.
Thetotal number of entriesin the stacksTT; and TT, isbounded by the number of
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back edges (|E| —|V|+ 1), and istherefore O (| V). After each section switching
the number of blocksis reduced by one; thus the total work invested in section
switchingsis O(|V/). |

8.3 Computing an st-Numbering

In this section, we define an st-numbering and describe alinear time algorithm
to compute it. Thus numbering is necessary for the vertex addition algorithm,
for testing planarity, of Lempel, Even, and Cederbaum.

Given any edge s — t of a nonseparable graph G(V,E), a 1-1 function
g:V—{12,...,|V|}iscaled an st-numbering if the following conditions are
satisfied:

1 g(s)=1.

2. g(t) =V (=n).

3. Foreveryv € V—{s,t} thereare adjacent verticesu and w such that g(u) <
g(v) < g(w).

Lempel, Even, and Cederbaum showed that, for every nonseparable graph
and every edge s — t, there exists an st-numbering. The algorithm described
here, following the work of Even and Tarjan [5], achieves this goal in linear
time.

The algorithm starts with a DFS whose first vertex is t and first edge is
t—s. (i.e, k(t) =1and k(s) = 2). This DFS computes for each vertex v, its
DFS number, k(v), itsfather, f(v), and itslowpoint L(v) and distinguishestree
edgesfrom back edges. Thisinformationisused in the paths-finding algorithm
to be described next, which is different from the one used in the path addition
agorithm.

Initially, s, t, and the edge connecting them are marked “old,” and all the
other edges and vertices are marked “new.” The path-finding algorithm starts
from a given vertex v and finds a path fromit. This path may be directed from
vorintov.

1. If thereisa“new” back edgev Ew (in this case k(w) < k(v)), then do
the following:
Mark e “old.”
Thepathisv .
Halt.

2. If thereisa‘“new” tree edgev Ew (inthiscase k(w) > k(v)), then do the
following:
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Traceapathwhosefirst edgeise, and fromthereit followsapath that defined
L(w), that is, it goes up the tree and ends with a back edge into a vertex u
suchthat k(u) = L(w). All vertices and edges on the path are marked “old.”
Halt.

3. If thereis a“new” back edge w £y (in this case k(w) > k(v)), then do
the following:
Start the path with e (going backwards on it) and continue backwards via
tree edges until you encounter an “old” vertex. All verticesand edges on the
path are marked “old.” Halt.

4, (All edgesincident tov are “old”). The path produced is empty. Halt.

Lemma 8.9 If the path finding algorithm is always applied from an “old”
vertex v # t, then all the ancestors of an “old” vertex are “old” too.

Proof: By induction on the number of applications of the path finding algo-
rithm. Clearly, before the first application, the only ancestor of s ist, and it is
old. Assuming the statement is true up to the present application, it is easy to
see that if any of the four steps is applicable, the statement continues to hold
after its application. [ |

Corollary 8.3 If G is nonseparable and under the condition of Lemma 8.9,
each application of the path-finding algorithmfroman “old” vertex v produces
a path, through “new” vertices and edges, to another “old” vertex, or in case
all edgesincidentto v are “old”, it returns the empty path.

Proof: The only case which requires adiscussion is when case (2) of the path
finding algorithm is applied. Since G is nonseparable, by Lemma3.5, L(w) <
k(v). Thus, the path ends “bellow” v, in one of its ancestors. By Lemma 8.9,
this ancestor is “old.” |

We are now ready to present the algorithm which produces an st-numbering.
It usesastack S that initially containsonly t and s, s on top of t.

1 i+ 1

2. Letv bethetop vertex on S. Removev from S. If v =t then g(t) + i and
halt.

3. (v #t) Apply the path finding algorithm to v. If the path is empty, then
g(v) 1,1« 1i+21and goto Step (2).

4. (Thepathisnot empty) Let thepathbev —uj —up—...—u —w.
Put uy,uy_1,...,uz,ug,v 0N S inthis order (v comes out on top), and go to
Step (2).
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Theorem 8.2 The algorithm above computes an st-numbering for every
nonseparablegraph G(V,E).

Proof: First, we make afew observations about the algorithm:

1. No vertex ever appearsin two or more placeson S at the same time.

2. Once avertex v is placed on S, nothing under v receives a number until v
does.

3. A vertex is permanently removed from S only after all its incident edges
become “old.”

Next, we want to show that each vertex v isplaced on S beforet isremoved.
Since t and s are placed on S initially, the statement needs to be proved for
v # s, t only. Since G is nonseparable, there exists a simple path from s to v
which does not pass through t (see Theorem 6.7 part (??)). Let this path be
s=1u; —up; —---—uy =v. Let m be the first index such that 1, is not
placed on S. Since u,,_1 is placed on S, t can be removed only after w1
(fact (ii)), and u.,, 1 isremoved only after all itsincident edges are “old” (fact
(ii)). Thus, u,,, must be placed on S before t is removed.

It remainsto be shown that the algorithm computes an st-numbering.

Since each vertex is placed on S and eventually is removed, each vertex v
gets a number g(v). Clearly, g(s) = 1, for it is the first to be removed. After
each assignment 1 is incremented. Thus, g(t) = |V|. Every other vertex v is
placed on S, for the first time, asan intermediate vertex on apath. Thus, thereis
an adjacent vertex stored below it, and an adjacent vertex stored aboveit. The
one above it (by fact (ii)) gets alower number and the one below it, a higher
number. |

It is easy to see that the whole algorithm is of time complexity O(|E|): First,
the DFS is O(|E|). The total time spent on path finding is also O(|E|) since
no edge is used more than once. The total number of operationsin the main
algorithm is bounded also by O(|E|) because the number of stack insertionsis
exactly [E| + 1.

8.4 The Vertex Addition Algorithm of Lempel, Even, and Cederbaum

In this section, we assumethat G(V, E) isanonseparable graph whose vertices
are st-numbered. From now on, weshall refer to the verticesby their st-number.
Thus, V ={1,2,...,n}. Also, the edges are now directed from low to high.

A (graphical) source of adigraphisavertex v suchthat di, (v) =0; a(graph-
ical) sink isavertex v such that do.¢(v) = 0. (Do not confuse with the source
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Figure8.1: (a) Anexample of adigraph; (b) B of the digraph from (a).

and sink of a network. The source of a network is not necessarily a (graphical)
source, etc.) Clearly, vertex 1 isasource of G and vertex n isasink. Further-
more, due to the st-numbering, no other vertex is either asource or asink. Let
Vi ={1,2,...,k}. Then, Gy (Vx, Ex) isthe digraph induced by Vi, that is, Ex
consists of all the edges of G whose endpointsare bothin Vy.

If G isplanar, let G beaplanerealization of G. It containsaplanerealization
of Gk. Thefollowing simple lemmareveals the reason for the st-numbering.

Lemma 8.10 If Gy isa planerealization of Gy contained in a plane digraph
G, then all the edges and vertices of G — Gy are drawn in oneface of Gy.

Proof: Assumethat afaceF of Gy contains vertices of V — Vi. Since all the
verticeson F’s window are lower than the verticesin F, the highest vertex in F
must be asink. Since G has only one sink, only one such faceispossible. W

Let Bx be the following digraph. Gy is a subgraph of By. In addition, By
contains all the edges of G which emanate from vertices of Vi and enter in
G, vertices of V — Vy. These edges are called virtual edges, and the leaves
they enter in By are called virtual vertices. These vertices are labeled as their
counterpartsin G, but they arekept separate; that is, there may be severa virtual
verticeswith the same label, each with exactly one entering edge. For example,
consider the digraph shown in Figure 8.1(a). B3 of this digraph is shown in
Figure 8.1(b).

By Lemma8.10, we can assume that if G is planar, then there exists a plane
realization of By in which all the virtual edges are drawn in the outside face.
Furthermore, since 1 Sinis awaysan edgein G, if k <n then vertex 1 is
on the outside window and one of the virtual edgesis e. In this case, we can



8.4 The Vertex Addition Algorithm of Lempel, Even, and Cederbaum 181

ONONONONONO

Figure 8.2: A bush form of B3, of our example.

draw By in the following form: Vertex 1 is drawn at the bottom level. All the
virtual vertices appear on one horizontal line. Theremaining verticesof Gy are
drawn in such away that vertices with higher names are drawn higher. Such a
realization is called abush form. A bush form of Bs, of our example, is shown
in Figure 8.2.

Infact, Lemma8.10 impliesthat, if G is planar, then there existsabush form
of By such that all the virtual vertices with labels k + 1 appear next to each
other on the horizontal line.

The algorithm proceeds by successively “drawing” B1,Bo,...,B,,_1 and G.
If in the realization of By all the virtual verticeslabeled k + 1 are next to each
other, then it is easy to draw By 1: One joins al the virtual vertices labeled
k+ 1into one vertex and “pulls” it down from the horizontal line. Now all the
edges of G that emanate from k + 1 are added, and their other endpoints are
labeled properly and placed in an arbitrary order on the horizontal line, in the
space evacuated by the former virtua verticeslabeled k + 1.

However, adifficulty arises. Indeed, the discussion up to now guaranteesthat
if G isplanar, then there exists a sequence of bush forms such that each oneis
“grown” from the previous one. But since we do not have a plane realization
of G, we may put the virtual vertices, out of k+ 1, in a “wrong” order. It is
necessary to show that this does not matter; namely, by simple transformations
it will be possible later to correct the “mistake.”

Lemma8.11 Assumev isa separation vertex of By. If v > 1, then exactly one
component of By, with respect to v, contains vertices lower than v.
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Notethat here we ignore the direction of the edges, and the lemmais actually
concerned with the undirected underlying graph of By.

Proof: The st-numbering implies that for every vertex u there exists a path
from 1 to u such that al the vertices on the path arelessthan u. Thus, if w <v
then thereis a path from 1 to u that does not pass through v. Therefore, 1 and
u arein the same component. |

Lemma 8.11 implies that a separation vertex v of By isthe lowest vertex in
each of the components, except the one which contains 1 (in casev > 1). Each
of these componentsis a sub-bush; that is, it has the same structure as a bush
form, except that its lowest vertex is v rather than 1. These subbushes can be
permuted around v in any of the p! permutations, in case the number of these
subbushesis p. In addition, each of the subbushes can be flipped over. These
transformations maintain the bush form. It is our purpose to show that if l%i
and Ei are bush forms of aplanar By, then through a sequence of permutations
and flippings, one can change B into a B3 such that the virtual vertices of By
appear in B2 and B} in the same order.

For efficiency reasons, to be become clear to those readerswho will study the
implementation through P Q-trees, we assume that when a subbush is flipped,
smaller subbushes of other separation vertices of the component are not flipped
by thisaction. For example, consider the bush form shownin Figure 8.3(a). The
bush form of Figure 8.3(b) is achieved by permuting about 1, Figure 8.3(c) by
flipping about 1 and Figure 8.3(d) by flipping about 2.

Lemma 8.12 Let H be a maximal nonseparable component of By and
Y1,Y2,---,Ym bethevertices of H that are also endpoints of edges of By — H.
In every bush form By, all the y’s are on the outside window of H and in the
same order, except that the orientation may be reversed.

Proof: Since By isabushform, all they’sareontheoutsidefaceof H. Assume
there are two bush forms B and B2 in which the realizations of H are H* and
A2, respectively. If the y’s do not appear in the same order on the outside
windowsof ! and 12, then there aretwo y’s, y; andy; which are next to each
other in A but not in H2 (see Fig. 8.4). Therefore, in H2, there are two other
y’s, yx and y, which interpose between y; and y; on the two paths between
them on the outside window of H2. However, from H! we see that there are
two paths, P1[yi,y;] and P2y, y1), which are completely disjoint. These two
paths cannot exist simultaneously in H2. A contradiction. [ |
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Figure8.3: (a) A bushform; (b) abushform obtained by permuting (a)
about vertex 1; (c) abush form obtained by flipping (a) about vertex 1;
(d) abush form obtained by flipping (c) about vertex 2.
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Figure 8.4: Proof of Lemma8.12.

Theorem 8.3 If B and B2 are bush forms of the same By, then there exists a
sequence of permutations and f1ippings that transforms E,ﬁ into Ei, such that
in B2 and B, the virtual vertices appear in the same order.

Proof: By induction on the size of bush or subbush forms.* Clearly, if each
of the two (sub-)bushes consists of only one vertex and one virtual vertex,
then the statement is trivial. Let v be the lowest vertex in the (sub-)bushes

1 Size the number of vertices.
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B! and B2 of the same B. If v is a separation vertex, then the components of
B appear as subbushes in B! and B2. If they are not in the same order, it is
possible, by permuting them in B2, to put them in the same order asin B2. By
the inductive hypothesis, there is a sequence of permutations and flippings that
will change each subbush of B! to have the same order of its virtual vertice as
inits counterpart in B2, and therefore the theorem follows.

If visnot aseparating vertex then let H be the maximal nonseparable compo-
nent of B which containsv. In B1(B2) thereis aplanar realization H1(H2) of H.
The verticesy1,yaz,...,ym Of H, which are also endpoints of edges of B — H,
by Lemma8.12, must appear on the outside window of H in the same order, up
to orientation. If the orientation of they’sin A is opposite to that of H2, flip
the (sub-)bush B! about v. Now, each of the y’s is the lowest vertex of some
subbush of B, and these subbushes appear in (the new) B! and B2 in the same
order. By the inductive hypothesis, each of these subbushes can be transformed
by a sequence of permutations and flippings to have its virtual vertices in the
same order as its counterpart in B2. [ |

Corollary 8.4 If G is planar and By, isa bush form of By, then there exists a
sequence of permutationsand i ppingswhich transforms By intoa B/ inwhich
all thevirtual vertices labeled k + 1 appear together on the horizontal line.

It remains to be shown how one decides which permutation or flipping to
apply, how to represent the necessary information, without actually drawing
bush forms, and how to do it al efficiently. Lempel, Even, and Cederbaum
described a method that uses a representation of the pertinent information by
proper expressions. However, a better representation was suggested by Booth
and Leuker. They invented a data structure, called PQ-trees, through which the
algorithm can berunin linear time. PQ-treeswere used to solve other problems
of interest; see [6].

| shall not describe PQ-treesindetail. Thedescriptionin[6] islong (30 pages)
athough not hard to follow. It involvesideas of data structure manipulation, but
amost no graph theory. The following is a brief and incomplete description.

A PQ-treeisadirected ordered tree, with three types of vertices: P-vertices,
Q-vertices and leaves. Each P-vertex or Q-vertex, has at least one son. The
sons of a P-vertex, which in our application represents a separating vertex v of
Bk, may be permuted into any new order. Each sons and its subtree, represents
asubbush. A Q-vertex represents a maximal nonseparable component, and its
sons, which represent the y’s, may not be permuted, but their order can be
reversed. The leaves represent the virtual vertices.
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The attempt to gather all the leaves labeled k + 1 into an unbroken run, is
done from sons to fathers, starting with the leaves labeled k + 1. Through a
technique of template matching, vertices are modified while the k + 1 labeled
leaves are bunched together. Only the smallest subtree containing all thek + 1 —
labeled leavesis scanned. All theseleaves, if successfully gathered, are merged
into one P-vertex, and its sons represent the virtual edges out of k + 1. This
procedureis repeated until k + 1 =n.

8.5 Problems

Problem 8.1 Demonstrate the path-addition algorithm on the Peterson graph
(see Problem 7.3). Show the data for &l the steps: the DFS for numbering
the vertices, defining the tree and computing L1 and L2. The @ function on
the edges. The sorting of the adjacency lists. Use the path-finding algorithm
in the new DFS to decompose the graph into C and a sequence of paths. Use
Ty, TTy, TT3 and end-of -stack markersto carry out al the recursive steps up to
planarity decision.

Problem 8.2 Repeat the path-addition planarity test, asin Problem 8.1, for the
graph depicted in Figure 8.5.

Figure 8.5: A graph for Problem 8.2.

Problem 8.3 Demonstrate the vertex-addition planarity test on the Peterson
graph. Show the stepsfor the DFS, the st-numbering, and the sequence of bush
forms.

Problem 8.4 Repeat the vertex-addition planarity test for the graph of
Problem 8.2.

Problem 8.5 Show that if agraphisnonplanar, then asubgraph homeomorphic
to one of the Kuratowski’s graphscan befoundin O(|V/|?). (Hints: Only O(|V|)
edges need to be considered. Delete edges if their deletion does not make the
graph planar. What is |eft?)
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acyclic digraph, 141
adjacency list, 170
adjacency matrix, 3
attachments, 146
augment procedure, 89
augmenting path, 87

backward cut, 86
BFS, see breadth-first search
biconnected, 127
bipartite graph, 135
Breadth-first search, 11
bridge, 63
bridges, 146

interlace, 148

capacity, 85
capacity function, 85
capacity of acut, 87
residual capacity, 94
circuit, 2
simple, 2
classifiable, 143
clique, 44, 63
code, 65
word length, 65
aphabet, 65
characteristic sum, 67
characteristic sum condition, 67
exhaustive, 83
letters, 65
message, 65
prefix, 65, 68

suffix, 65
tail, 65
uniquely decipherable, 65
word, 65
coloring, 149
component, 146
nonseparable, 52
singular component, 146
strong, 58
superstructure, 54
concurrent set of edges, 139
connectivity
vertex, 121, 124
contraction, 160
critical path, 138
cut, 33, 86
cutset, 159

Dantzig algorithm, 27
De Bruijn sequence, 9
depth-first search, 46
directed, 57
lowpoint, 53
number, 49
tree, 49
back edges, 51
tree edges, 51
DFS, see depth-first search
digraph, see graph
Dijkstra algorithm, 14
Dinitz algorithm, 94

187



188

edge, 1
antiparallel, 3
edge array, 4
paralel, 3
self-loop, 3

edgerule, 102

edge separator, 130

Euler, 6

flow

absorb, 114

blocking, 95

maximal, 95
flow function, 85
Floyd algorithm, 21
Ford agorithm, 17
Ford-Fulkerson agorithm, 87
forward cut, 86

geometric dual, 166
graph, 1
2-colorable, 149
acyclic, 24
bipartite, 149
circuit-free, 29
connected, 2
directed (digraph), 2
arbitrated, 38
dual, 160
Euler graph, 6
planar, 146
sparse, 4
strongly connected, 3, 58
triangular, 166
triangulation, 166
underlying graph, 7

homeomorphic, 152

incidence list, 4
independent set, 142
isomorphic, 152

label
labeling procedure, 838
leaf, 31

marriage problem, 135
matching, 135
complete, 137
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max-flow min-cut theorem, 94

Menger’s Theorem, 122

network, 85
0-1,117
0-1typel, 119
0-1type2, 120
auxiliary network, 103
layered network, 95
secondary network, 94
nonseparable, 126

path, 2
directed, 3
directed Euler path, 7
Euler path, 6
Hamilton, 23
shortest, 11
simple, 2
PERT digraph, 137
Petersen graph, 165
planar
P Q-trees, 184
block, 175
bush form, 181
equivalent, 157
face, 150
external, 151
path addition, 168

second lowpoint function, 169

sink, 179
source, 179
st-numbering, 177
vetex addition, 169
virtual edges, 180
virtual vertices, 180
window, 150
plane graph, 146
Prim agorithm, 32

root, 37

separating edge, 162
Separation vertex, 52
sink, 85

auxiliary sink, 103
slice, 142
source, 85

auxiliary source, 103
spanning tree, 32
subgraph, 31



topological sorting, 24
total flow, 85
Trémaux’s agorithm, 46
tree, 29

directed, 37

useful
backwardly useful, 83
forwardly useful, 83
useful edge, 88
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vertex, 1
degree, 1
in-degree, 3
out-degree, 3
sink, 58
source, 58
vertex array, 4
vertex separator, 122, 130

Warshall’s Algorithm, 26
Warshall’s agorithm, 26
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